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Abstract— Representation learning is a powerful tool that
enables learning over large multitudes of agents or domains
by enforcing that all agents operate on a shared set of learned
features. However, many robotics or controls applications that
would benefit from collaboration operate in settings with
changing environments and goals, whereas most guarantees for
representation learning are stated for static settings. Toward
rigorously establishing the benefit of representation learning
in dynamic settings, we analyze the regret of multi-task rep-
resentation learning for linear-quadratic control. This setting
introduces unique challenges. Firstly, we must account for
and balance the misspecification introduced by an approximate
representation. Secondly, we cannot rely on the parameter
update schemes of single-task online LQR, for which least-
squares often suffices, and must devise a novel scheme to
ensure sufficient improvement. We demonstrate that for settings
where exploration is “benign”, the regret of any agent after
T timesteps scales as O(\/1T/H), where H is the number
of agents. In settings with “difficult” exploration, the regret
scales as O(v/dydg/T+T?%'3 //H), where dy is the state-space
dimension, dy is the input dimension, and d; is the task-specific
parameter count. In both cases, by comparing to the minimax
single-task regret O(,/dxdl\/T), we see a benefit of a large
number of agents. Notably, in the difficult exploration case, by
sharing a representation across tasks, the effective task-specific
parameter count can often be small dy < dxdy. Lastly, we
provide numerical validation of the trends we predict.

I. INTRODUCTION

Many modern applications of robotics and controls involve
simultaneous control over a large number of agents. For
example, robot fleet learning, in which fleets of robots
performing diverse tasks share information to learn more
effectively, has demonstrated impressive success in recent
years [1, 2]. One of the technologies that enables this
success is transfer learning, in which dynamics models or
control policies built upon learned compressed features (also
known as representation learning) that are broadly useful for
ensuing tasks of interest. Existing work which characterizes
the generalization capabilities of transfer learning largely
considers static environments, where data from an agent’s
completed task is aggregated with data from other agents
to learn the shared features offline, rather than during task
execution. However, it is often relevant to have a fleet
of agents adapt quickly to a changing environment, e.g.
a team of drones flying in close proximity adapting to
weather conditions, or a team of legged robots adapting to
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changing terrain conditions. In such settings, the agents must
communicate to adjust their shared features online.

In this work, we rigorously study such approaches for on-
line fleet learning with dynamical systems in the analytically
tractable setting of adaptive linear-quadratic (state-feedback)
control. Adaptive linear-quadratic control has emerged as a
benchmark for learning to control dynamical systems using
online data. This consists of a learner interacting with an
unknown linear system

Tep1 = Awxy + Boug +wy, t2>1, (D

with state x, input u;, and noise w; assuming values in Rx,

R, and R%, respectively. The learner is evaluated by its

incurred regret, which compares the cost incurred by playing

the learner for 7' time steps against the cost attained by the
optimal LQR controller. Prior work typically studies regret
of a single dynamical system of the form (1). In this work,
we study a setting where there are [ > 1 distinct systems
which share an unknown dy-dimensional dynamics basis.

Each agent aims to minimize their individual linear-quadratic

control objective; however, by communicating they may

more efficiently learn the shared dynamics basis matrices.

The broad questions we address are the following:

o What are the requisite algorithmic elements that enable
simultaneous online control of multiple systems?

o What are the concrete benefits of sharing a representation
across agents compared with learning individual models
for each agent?

Proofs can be found in the extended manuscript [3].

A. Related Work

Fleet Learning: Fleet Policy Learning considers a setting
where a dataset is obtained from a diverse collection of
robot interactions. It has been studied from the perspective of
offline reinforcement learning [4] and for multi-task behavior
cloning [1, 5, 6]. The centralized setup considered in this
line of work is challenging to scale to many platforms.
In particular, data communication and storage can become
prohibitive, as can the training of the model. Frameworks
have also proposed and analyzed a weight merging approach
where each platform learns a policy, and then communicates
the weights to a central server that merges the weights [2].
This work focuses on aggregating more skills by commu-
nicating, however the communication can also be used by
multiple agents to adapt to a changing environment. This
is the framework we analyze in this paper, where agents
communicate their estimates for a set of shared parameters.
This bears resemblance to certain federated or distributed



learning settings with heterogeneous data, where due to
privacy or compute constraints agents do not centralize raw
data [7-9].

Multi-Task Learning (in Dynamical Systems): Multi-
task learning has long been studied in machine learning
[10]. More recently, multiple works have studied the benefit
of a shared representation in iid learning with regard to
generalization [11, 12] and efficient algorithms [7, 13-15].
However, data generated from dynamical systems break
key assumptions in these works. With respect to dynamical
systems, multiple works consider a parallel setting where all
agents share a parameter space and task-specialization comes
from perturbations therein, see Model-agnostic meta-learning
(MAML) [16]." Both model-free federated learning of the
linear-quadratic regulator with data from heterogeneous sys-
tems [17] and MAML for linear-quadratic control have been
considered [18]. However, both of these settings only recover
optimality up to a heterogeneity bias. By instead imposing all
dynamics matrices share a common basis [19], one can en-
sure the error decreases to zero as data increases. Analogous
multi-task learning over dynamical systems settings have also
been considered in imitation learning [20, 21]. Most relevant
to our work is Zhang et al. [22], where the shortcomings of
algorithms for iid representation learning are addressed for
a related linear system-identification set-up. A component of
our algorithm is adapted from their work.

Regret Analysis of Adaptive Control: Our setting and
analysis builds off recent work that attempts to provide finite
sample guarantees for adaptive control by controlling the
regret of the learning algorithm. While adaptive control has a
rich history beginning with autopilot development for high-
performance aircraft in the 1950s [23], finite sample regret
analysis of adaptive control arose much later [24]. Subse-
quent work [25-27] has introduced algorithms that yield
VT regret, and are computationally feasible. Simchowitz
and Foster [28] establish corresponding lower bounds, in-
dicating that a rate of \/ddxT is optimal for completely
unknown systems. Improved regret bounds of poly(logT)
are achievable when either A* or B* is known [29, 30]. The
aforementioned work studies adaptive control in a setting
where the noise is zero-mean and stochastic. Alternative
formulations of the adaptive LQR problem consider bounded
adversarial disturbances [31, 32] and settings where there
is misspecification between the underlying data generating
process and the model class [33, 34]. Our work extends
analogous regret analysis to the multi-agent setting.

B. Contribution

We propose and analyze fleet linear-quadratic adaptive
control in a setting where multiple linear systems driven
by dynamics in the span of dy common basis matrices can
communicate to drastically improve their individual control
objectives. We propose such an algorithm and analyze the

IThis is distinct from our setting, where agents share a representation
function and task-specialization comes from linear functions of the repre-
sentation.

regret incurred, uncovering an interesting transition distin-

guishing the difficulty of the problem:

o« When the system specific parameters are “benign” to
identify, our proposed scheme incurs a regret of

Rr = @<Csys\/ Ij;>7

where H is the number of communicating agents. When
there are many agents, this is drastically lower than the
regret O(+/dxdiT) incurred if each agent had to learn to
control its respective system without communication.

o When the system-specific parameters are challenging to
identify, our proposed algorithm incurs a regret of at most

- T2/3
Ry = (’)<\/dud9\/f—&- Csys\/ﬁ).

When T is moderate, or if the number of agents H is
large, this can demonstrate a marked gain over the single-
agent setting. However, when T is large, the T2/% term
dominates, which arises due to the mismatch between the
difficulty of parameter identification and the misspecifica-
tion of the learned basis directions.

In order to establish such guarantees, we propose and
analyze a new algorithm that synthesizes tools from regret
analysis of misspecified linear system identification and algo-
rithmic analysis of multi-task linear regression. In particular,
the multi-agent setting introduces unique challenges:

« Due to the approximate representation at any given
timestep, the problem is misspecified. Therefore, in ad-
dition to the standard explore-commit tradeoff, we must
account for improving the representation.

o Whereas for prior work in the stochastic single-agent set-
ting least-squares—whose optimization and generalization
is well-understood—suffices algorithmically, such an analog
is not well-posed for the multiple agent setting.

We validate our theory with numerical simulations, and

demonstrate the value of communicating with similar agents

to learn to control more efficiently.

Notation: The Euclidean norm of a vector z is denoted

||z||- For a matrix A, the spectral norm is denoted || Al|, and

the Frobenius norm is denoted ||Al|. The spectral radius
of a square matrix is denoted p(A). A symmetric, positive

semi-definite (psd) matrix A = AT is denoted A = 0.

The {min, max} eigenvalue of a psd matrix A is denoted

{Amin(A4), Amax(A)}. For a positive definite matrix A, we

denote the condition number as x(A) = ’/\\m‘"_*"((ﬁ)). We denote

the normal distribution with mean p and covariance ¥ by

N(u,%). For f,g : D — R, we write f < g if for some

¢ >0, f(z) < cg(xz) Vo € D. We denote the solutions to the

discrete Lyapunov equation by dlyap(A, Q) and the dis-
crete algebraic Riccati equation by DARE(A, B, @, R). For

an integer n € N, we define the shorthand [n] = {1,...,n}.

Generally, we use {A,V} to denote a {min, max} over an

indicated quantity.




II. PROBLEM FORMULATION
A. System and Data assumptions

Consider H systems with dynamics defined by
2 = APz 4 B ™, t>1, @

for h € [H]. We suppose that each rollout starts from initial
state xg V=0 for h € [H], and that that the noise w(h)
has iid elements that are mean zero and o?-sub-Gaussian for
some o2 € R with 62 > 1 [35]. We additionally assume that
the noise has identity covariance: E {wih)wgh)’T =12 We

suppose the dynamics matrices admit the decomposition
{Agk) Bik)} = vec ! (@*Gik)), 3)

where @, € Réx(dx+du)xds i 3 column-orthonormal matrix
that contains an optimal set of dy (vectorized) basis matrices
in Rx(dx+dv) and 9{*) € R are agent-specific parameters.
The operator vec ™! maps a vector in R%(9x+4u) into a matrix
in R&*(dx+dv) by stacking contiguous length-dy blocks of
a vector (top-to-bottom) into columns of a matrix (left-to-
right). We can equivalently write this as a linear combination
of basis matrices:

de

{Aik) Bik)} = 29&) (@, @7,

i=1
where [@ﬁi @8] =vec ' @, ; and @, ; is the i*" column
of ®,. This decomposition of the data generating process
is a natural extension of the low-rank linear representations
considered in [11, 20, 22] to the setting of multiple related
dynamical systems with shared structure determined by ®,.
A version of this model for autonomous systems was con-
sidered by [19] for multi-task system identification.

B. Control Objective

The goal of the learners is to interact with system (2) while
keeping the total cumulative cost small, where the system
specific cumulative cost for system h is defined for matrices
Q>=1and R=1 as’

T
o ey,
t=1

To define an algorithm that keeps the cost small, we first
introduce the infinite horizon LQR cost:

(h) &

and ¢; th + ut Rugh).

J MW (K) £ limsup 1 EX Cgl), “4)
T—o0 T

where the superscript K denotes evaluation under the state-

feedback controller u,E ) =K a:( ). To ensure that there exists

a controller such that (4) is finite, we assume (A(h) B ))

is stabilizable for all h € [H]. Under this assumption, (4) is

minimized by the LQR controller K, (Aih), B,((h)), where

Koo(A,B) 2 —(B"P,(A,B)B+ R)"'B" P,(A, B)A,

Noise that enters the process through a non-singular matrix H can be
addressed by rescaling the dynamics by H 1.

3Generalizing to arbitrary Q > 0 and R > 0 can be performed by scaling
the cost and changing the input basis.

P, (A, B) £ DARE(A, B,Q, R).

We define the shorthands P 2 POO(Aih),Bﬁh)) and
KM 2 g (A™M BM) for all h € [H]. To characterize
the infinite-horizon LQR cost of an arbitrary stabilizing
controller K, we additionally define the solution P;(h) to
the Lyapunov equation for the closed loop system under an
arbitrary K where p(Agh) +BMK ) <1

P 2 qa1yap(A™ + B K,Q + KT RK).

For a controller K satisfying p(A(h) + Bih)K) < 1,
TM(K) = tr(P(h)) We have that P(h()h ™.

The infinite horizon LQR controller prov1des a baseline
level of performance that our learner cannot surpass in the
limit as 7' — oo. We quantify the performance of our
learning algorithm by comparing the cumulative cost C;h) to
the scaled infinite horizon cost attained by the LQR controller
if the system matrices [ Aih) B,Eh)} were known:

RY & o —1gM(KM). )

This metric has previously been considered for adaptive
control of a single system [24]. The above formulation casts
the goal of the learner as interacting with each system
(2) to maximize the information required for control while
simultaneously regulating each system to minimize Rgl).
The learner uses its history of interaction with each system to
do so by constructing dynamics models, e.g. by determining
estimates A(™) and B". It may then use these estimates as
part of a certainty equivalent (CE) design by synthesizing
controllers K" = K (A", BM)_ It is known from prior
work that if the model estimate is sufficiently close to the
true dynamics, then the excess cost of playing the controller
K™ is bounded by its parameter estimation error [27, 28].
Lemma II.1 (Theorem 3 of [28]). Deﬁne gh) & M.

If H Ah) B(h)} [A(h) B(h)} H < 5(h) then
T KMy = g (g <
PO raw sy - 4 s

C. Algorithm Description

Our proposed algorithm, Algorithm 1, is a CE algorithm
similar to those proposed by Cassel et al. [29], Lee et al. [34],
which we extend to the multi-task representation learning
setting. The algorithm takes a stabilizing controller Kéh) for
each system h as an input, in addition to an initial epoch
length 74, an exploration sequence o; for k € [kfn], state
and controller bounds z; and K}, an initial representation
estimate ®y, and a number of gradient steps [N to run
on the representation per epoch. Starting from the initial
controllers, Algorithm 1 follows a doubling epoch approach.
During each epoch, each agent plays their current controller
with exploratory noise added with scale determined by the
exploration sequence. Each agent then uses the collected
data to estimate its dynamics [/1(") B(h)] by running



Algorithm 1 Shared-Representation Certainty-Equivalent
Control with Continual Exploration

Input: Stabilizing controllers Kéh) for h € [H], initial
epoch length 7y, number of epochs kg, exploration
sequence 07,05,03,...0} , state bound x;, controller
bound Kj, initial representation estimate ®, gradient

steps per epoch N

Initialize: K" « K", 7 « 0, T « r2km—1
(i>1 — ®g.
for k =1,2,..., kg, do

for h =1,..., H (in parallel) do

fort=7,_1,7_1+1,...,7 do
// Data collection |
if 22 > 2210g T or |[K™| > K, then
Abort and play Kéh) forever
Play ugh) = f{,ih)x,(gh) + ng,gh),
where gt(h) bR N(0,1)
/(/h) Task-wise garameterhupdates
9 %Ls(ék’x Tr—1:[ 2711’ Te—1:[STR—1]

[A<h> BM] + vec_1<<i>ké,(€h)
h)
KM, Koo (A, BM)
// Representation update

Bpy1 « DFW(Dy, 25T W) N)

f -1k [STe—1]:mk

)

T4l < 2Tk

Algorithm 2 Least squares: LS((i),xl;zH_l, Up.g)

1: Input: Model structure estimate i), state data xj..41,
input data 1.4
2: Return: 6, where

(qu({ ] @Idx>xs+1> and
A ;«iﬂ ([ﬂ {ij "o Idx> 5.

least-squares (Algorithm 2), fixing the current representation
estimate .* This is used to synthesize a new CE controller
KM = K (A™ BM). At the end of each epoch, the
agents engage in a round of N representation updates (Al-
gorithm 3), in which they update their estimate for the shared
basis using local data and communicate to take the average
of their estimates. To analyze expected regret it is necessary
to prevent catastrophic failures even under unlikely failure
events. For this reason, the algorithm checks the state and
controller norm against the supplied bounds z; and K, at the
start of each interaction round, and aborts the CE scheme if
either is too large.

A key subtlety and contribution of our algorithm comes
in how the parameters are updated (Algorithm 1 and 3).

4This procedure throws away data from previous epochs, and does not
allow updating the model at arbitrary times. This eases the analysis, but
may be undesirable. Such undesirable characteristics have been removed in
single task expected regret analysis [30].

Algorithm 3 De-bias & Feature Whiten:
pEW(®, 25 W) N

1: Input: Representation estimate d, state data acgltfi,

input data ugzt ), gradient steps NN, step-size 1

2: Split the data into 2N equal length trajectories

Dl, ceey DQN.
3: forn=1,...,N do
4: for h=1,..., H in parallel do
5: Compute weights
i o)
6: Compute local rep. update (I>n (6) on Day,.
7: Compute global rep. update

H = (h
S e).

®",_ ¢+ thin OR(%
8: Return: <i>+ — dy

In the single-agent setting, the optimal dynamics matrix
[/1 B} with respect to the current data batch follows by
least squares, such that with a doubling epoch the parameter
error approximately halves [28]. However, due to the multi-
agent structure of our setting, least squares is no longer
implementable, let alone optimal. This motivates the need for
an alternative subroutine that ensures the representation error
between epochs. Subroutines satisfying this are remote in
the literature, especially since existing linear representation
learning (or bilinear matrix sensing) algorithms heavily rely
on the assumption that the data (or sensing matrix) across all
tasks is iid isotropic Gaussian xl(h) LLd N(0,1) [7, 14, 15],
which is violated in our setting where states distribution
from different systems converge to their respective stationary
distributions. A recent algorithm De-bias & Feature
Whiten (DFW) proposed by Zhang et al. [36] addresses
many analogous issues for a related multi-task representation
learning problem, which we adapt for our setting. Beyond its
guarantees (see Section II-D), DEW enables distributed opti-
mization of a shared linear representation across data sources
with non-identical distributions, and temporally dependent
covariates. Additionally, DFW does not require communica-
tion of raw data between the agents, and instead each agent
only communicates their respective updated representation,
allowing the algorithm to be implemented in a federated
manner. During each DFW iteration n € [N], each agent
uses ﬁth I
least-squares given the current representation ®,_; (see
Algorithm 2). Then, each agent uses the other L of ts

2N
data to compute its local representation descent step:

of its data to estimate its local parameters via

M|
h 2 A x
V( ) = Ve Z xt+1 —vec ((1)97(1’1)) Lﬁh)}
teD, t
i A 2 gV
S E N Ty x| hy Loy % [ (6)
teD,, Ut ut

651}1) — (i)n—l -n (igzh))ilvt(bh?n
The updated local representations from each agent are then

averaged and orthonormalized, and transmitted back to each



agent for the next iteration (see Algorithm 3, line 7).

D. Representation Error Guarantees

In this section, we motivate the roles of our representation
update (Algorithm 3) and task-specific weight update (Al-
gorlthm 2) subroutines. Consider current representation esti-

mate & and data (xgltH) ug 4 )) generated from initial states

(1)7. xgH) under stabilizing controllers K1) ... K1)
with exploratory noise aug( ), ggh) bd- N(O,Idu) for s €
[t], h € [H], and some o, € [0,1]. This can be seen as

the general set-up for the data collected during an epoch of

Algorithm 1. We want to establish the following:

1) Running DFW yields an updated representation whose
error decomposes as a contraction of the previous repre-
sentation’s error plus a variance term that scales inversely
with the amount of tofal data tH.

2) The parameter error H@G(h) D, 9( ) accrued by fitting
the least-squares task-specific weights, holding the repre-
sentation fixed, decomposes into a sum of least-squares
error scaling inversely with ¢ and the representation error.

These two guarantees together inform how to set the epoch

length and exploratory noise strength o, to balance the

explore-commit tradeoff for the ensuing regret analysis. To
quantify the representation error, we consider the subspace
distance between the spaces spanned by the columns of )
and ®, (which are constrained to be column-orthonormal).

Definition II.1 (Stewart and Sun [37]). For a given matrix
with orthonormal columns ®, let ®, be a matrix such
that [<I> P J_] is an orthogonal matrix. Then, given another
column-orthonormal matrix ®', the subspace distance be-
tween ®' | ® may be written d(®, ') £ ||®] &'||.

For all dimensions of ®, to be identifiable, we also make
the following full-rank assumption on the optimal weights
I

Assumption IL.1. Consider &, {Gih)} such that
vec*1(<1>*9£h)) [A,(f") BMWI|, h = 1,...,H. We

assume rank (ZhH:ﬁih)gih)T) = dp.

We now state a bound on the improvement of the subspace
distance after running Algorithm 3.

Theorem II.1 (DFW guarantee, informal). Let Assump-
tion I1.1 hold and fix 6 € (0,1). Then, provided an appropri-
ately chosen step-size n > 0, t > 745w, and d(é’, D,) < dgw,
with probability at least 1 —§ running Algorithm 3 yields the
following guarantee on the updated representation D — Py

Kug VN
1—/2pN ouVtH’

d(dy, ®,) < pNd(D, @) +

where
L (= g0
o h T |\ =
p—4m<ZG* 0, )
h=1
1 ¢ (h)
7 h
Ro = \| 7 2o 710 P LK+ 03)

- polylog(dx, dy, dg, H,1/9).

In particular, we have demonstrated that running DFW
contracts the subspace distance by a factor of pV, up to
a variance factor. Notably, ?avg serves as a task-averaged
“noise-level”, and the denominator of the variance factor
scales jointly with the number of tasks H and data per task
t. For downstream analysis, it suffices to choose a number of
iterations IV such that p¥ < 1/2,i.e., N > log(2)/log(1/p),
and thus is independent of the size of the data. The subspace
distance manifests in the error between the learned system
parameters ®6 and the optimal ®,0,. In particular, given the
output 6 of Algorithm 2, it can be shown (e.g. Theorem 5,
[34]) that the parameter least squares error decomposes into
a term scaling inversely with data and a term involving the
subspace distance between $ and D,.

Theorem I1.2. (LS erron, informal) Consider running Al-
gorithm 2 on the t data samples generated from a system of
the form (2) for t > Tis, where Tis is a burn-in time. Then
with probability at least 1 — 6,

where Cqys is a constant that depends on the system (2), and
exictation vl characterizes the extent to which the the state
is excited as required to identify the parameters 0.

d(®,®,)?

2 a2dglog(1/6)
* excitation Ivl’

< . .
~ t x excitation Ivl

sys

Formal statements of Theorem II.1 and Theorem II.2 are
instantiated in the ensuing regret analysis and can be found
in the full paper [3]. We have thus established the desiderata
stated at the beginning of the section. It remains to show that
salient choices of epoch length and exploratory noise level
in Algorithm 1 yield no-regret guarantees.

III. REGRET ANALYSIS

As previewed in the introduction, we consider two set-
tings: one where the system-specific parameters 9£h) are
easily identifiable given the representation, and one in which
they are not. The setting where the system-specific parame-
ters are easily identifiable corresponds to a situation in which
excitation Ivl from Theorem II.2 is nonzero even when the
input is determined by the optimal LQR controller. In both
settings, we require that the bounds for the abort procedure
(Line 7, Algorithm 1) are sufficiently large to ensure that the
abort procedure occurs with small probability. To state the
bounds, we introduce the following notation.

h) (VAN
Uoo 2max{L B}, w2 max wp
Bi}) ) * ) B he= 1o H B(’
h
= ‘max ‘ Py £ max P! (),1)
= h=1,..., K
h .
P*A: mln HP( ()h) N2 min ™,
SHI K h=1,....H

Assumption IIL.1. We assume that

zp > 400(PY )2 Who/dx + dy, Ky > /Py,



A. Not Easily Identifiable

In this setting, we do not make additional assumptions
about the structure of ®,. We require an assumption ensuring
that it is possible to obtain a stabilizing CE controller after
the first epoch with high probability. To do so, we make an
assumption about the subspace distance of @y from ®,.

Assumption IIL.2. Define

dp

dy

for a sufficiently large universal constant Clias 1. We assume

. . c
our representation error satisfies d(®o, ®*) < 55

Br £ Chias,10* (Py)* (¥ 5)%(6Y) (dx + du)

This assumption leads to the following regret bound.

Theorem III.1. Consider a{Jplymg Algorithm 1 with initial
stabilizing controllers K for T = 72kl
timesteps for some positive lntegers kein, and 1. Let T, =
281 for k € [kn). Suppose that the exploration sequence
supplied to the algorithm satisfies

p* =N d(0, B,)

d
Ok —maX{T /BH_l/2 ﬁ7

)

for k € [ken], where p is the contraction rate of Theo-
rem II.1. Suppose the state bound x, and the controller
bound Ky satisfy Assumption III.1 and that ®q satisfies
Assumption I11.2. Additionally suppose that the parameter
N is sufficiently large that pV < % and that the weights
satisfy Assumption II.1. There exists a polynomial function

POl Vwarm Such that if 71 = Twarm log2 T with
Twarm = PO1lYwarm (0-7 P(;/, \I/éa 9\/’ T, d97 dX7 de IOg(H))’

then the expected regret satisfies for h=1,... H

(T) + c1v/dgdy VT log?(T)

2/3
vH

where Co = pOl_Y<U7 dX7dU7d97xb7Kba HQ” 79\/7P(;/7\I]§7

E[Rgl)} < ¢ log?

+eo log?(HT),

Twarmvxbvd((i)07q)*))7 1 = poly(PO\/,\I/é,cr), and cy =

pOlY<dX7dU7d97P(;/a \I}gvevvo—v N) .

Consider the above bound in the regime where 7' is small,
e.g., on the order of the number of communicating agents.
In this regime, the 72%/3 term becomes negligible, and the
regret is dominated by the term that scales as VdpdyV'T.
The should be contrasted with the minimax regret bound for
single task adaptive control \/dxd3T [28]: if the system-
specific parameter count dy is smaller than dxdy, then the
dominant term in the low data regime is smaller than the
minimax regret of the single-task setting. In the adaptive
control setting under consideration, the low data regime is
often the one of interest, as we want the controller to rapidly

adapt to a changing environment. However, it is remains
an open question whether it is possible to achieve overall
VT regret in the multi-task learning setting. The following
section examines one case where this is true.

B. Easily identifiable
In this setting, we assume that ®* admits additional

structure that makes the identification of 9&”) easy.

Assumption IIL3. Let o > Assume that

1
3(1233)3/2'
minvszH:l HZZ 1’1}1(@‘4 + (I)B K) > a?  with K €

F

{Kéh),Kih)}, h € [H], recalling [(I)f,i @fi] =
vec ! @, ;, and ¥, ; is the it column of ®,.

Under the above assumption, the weights 6 are easily
identifiable once the shared structure ® is learned. As in the
previous section, we require that the initial representation
error is small enough to guarantee the closeness condition in
Lemma II.1 may be satisfied with our estimated model after
a single epoch.

Assumption III.4. Define

APV (VY \S (V)2
N eMNFy) (\IJB) (6¥)*(dx + dy)
F2 = Chias;2 R dg min{a?, ot}

for a sufficiently large universal constant Chias 2. Our repre-

sentation error satisfies d(Pg, P*) < %

This allows us to state the following regret bound.
Theorem II1.2. Consider applying Algorithm 1 with initial
stabilizing controller K(()1 , .,K(()H) for T = 1120 time-
teps for some positive integers kgn, and . Let T, = 2k
Sor k € [ken] and suppose the exploration sequence is

O']% - maX{ 1/2H_1/27p(k_l)Nd(q)an)*)}u (8)

for all ' k € [kun], where p is the contraction rate of
Theorem I1.1. Suppose the state bound x;, and the controller
bound K, satisfy Assumption IIl.1, and that ®, satisfies
Assumption II1.3 and ® satsisfies Assumption II1.4. Addi-
tionally suppose that the parameter N is sufficiently large
that pN < % and that the weights satisfy Assumption I1.1.
There exists a polynomial poly,.m Such that if 1 =
Twarm log2 T with

1
Twarm ZPO-ZYWarm (cr, PS/, ‘I’\E/;» evaxbv d97 dX; de log(H),) )
«

then the expected regret satisfies for h =1,..., H satisfies

(h) < 2 @ 2
E[’RT } < ¢ log (T)—&-cz\/ﬁlog (TH),

where ¢ = pOly(O’,dg,dU7dx,;,‘I’E,Pa/,xb,

Kbaeva ||Q|| 7Twarm7d(<i)0uq)*)) and Co =

pOl_Y(0-7d97dU7dX7 i,‘l’%,PS/,JﬁmN).



Consider once more the setting when the amount of data is
on the order of the number of communicating agents. Here,
the regret is dominated by a logT term. In particular, by
sharing the “hard to learn” information, the communicating
agents significantly simplify their respective adaptive control
problems. Even in the regime of large 7, the above regret
bound improves upon what is possible in the single task
setting as long as the number of agents is sufficiently large.

IV. NUMERICAL VALIDATION

We now present numerical results to illustrate and validate
our bounds. In particular, we compare our proposed multi-
task representation learning approach for the adaptive LQR
design (Algorithm 1) over the setting where a single system
attempts to learn its dynamics by using its local simulation
data and computes a CE controller on top of the estimated
model. To this end, our experimental setup considers H
dynamical s?/stems described by (2), where the system
matrices (A, 7B(h ) are obtained by linearizing (around
the orlgm) and discretizing (with Euler’s approach) multiple
cartpole dynamics with equations:

(M® 4 m)i 4 mP ™ (G cos(9) — 62 sin(6)) = u,

mM (z cos(0) + (M — gsin(h)) = 0, )

for all h € [H], where clgh) = (MM m® (M) denote the
tuple of cartpole parameters. Such parameters represent the
cart mass, pole mass, and pole length, respectively. We set the
gravity g = 1 and perform the discretization of (9) with step-
size 0.25. Following [34], we generate H (A(*h)7 £h)), by
first considering a set of nominal cartpole parameters: cp1 =
(0.4,1.0,1.0), ¢t? = (1.6,1.3,0.3), ¢! = (1.3,0.7,0.65),
S = (0.2,0.055, 1.36), and i = (0.2, 0.47,1.825).

We then perturb such parameters with a random scalar
within the interval (0,0.1) to generate different cartpole
parameters c§, ). With the system matrices (A(h) B )) in
hands, for all h € [H], we generate the disturbance signal as
wgh) ~ N(0,0.0114,) and set the step-size and number of
iterations of Algorithm 3 as n = 0.25, and N = 1000. It is
worth noting that step 2 of Algorithm 3 is considered for the
simplicity of the theoretical analysis only, in our experiments
we exploit the entire dataset for all DFW iterations.

Figure 1 depicts the expected regret of Algorithm 1 as a
function of the timesteps 7" for a varying number of tasks H.
Note that such expected regret is with respect to a nominal
task h = 1. This figure shows the results for the easily
identifiable setting, i.e., where Assumption IIL.3 is satisfied.
The labeled “fully-unknown” curve corresponds to the setting
where a single system estimates its dynamics and computes
its controller only using its own trajectory data. As predicted
in our bounds (Theorem III.2), by learning the representation
in a multi-task setting and exploiting it to learn a more
accurate model can provide a significant reduction in the
expected regret when compared to the fully-unknown case.
In particular, the regret incurred in the single-task setting is
in the order of O(v/T), whereas the regret of Algorithm 1

in the easily identifiable setting is dominated by O (%)

—— fully unknown
—— multi-task (H = 25)
—— multi-task (H = 100)

4000

Regret

2000

0 2500 5000 7500 10000 12500 15000

T
Fig. 1. Regret of Algorithm 1 with varying number of tasks H. We consider

kfin = 10 epochs with initial epoch length 71 = 30, an exploratory sequence
2

scaling as oy X %, state and controller bounds x;, = 25, and K}, = 15,
and random ®g with d(®o, P«) ~ 0.99.

Therefore, as the number of tasks H increases, the regret
of Algorithm 1 decreases. This can be seen comparing the
regret from H = 25 to H = 100—which both improve upon

the regret in the fully-unknown setting.

V. CONCLUSION

We proposed an algorithm for the simultaneous adaptive
control of multiple linear dynamical systems sharing a rep-
resentation. We leveraged recent results for representation
learning with non-iid data in order to provide non-asymptotic
regret bounds incurred by the algorithm in two settings: one
where the system specific parameters are easily identified
from the shared representation, and one where they are
not. In the setting where the system specific parameters are
easily identifiable, the regret scales as v/T' / V'H, while in the
difficult-to-identify setting, the regret scales as 72%/%/v/H.
An interesting direction for future work is to determine
whether the T72/3/+/H regret bound can be improved to
VT /VH even in the difficult-to-identify setting. It would
also be interesting to extend the analysis of online adaptive
control with shared representations to characterize the regret
of learning to control certain classes of nonlinear systems,
as has been done in the single task setting [38].
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VI. OUTLINE FOR PROOFS OF THEOREM III.1 AND THEOREM III.2

Our main results proceed by first defining a success events for which the certainty equivalent control scheme never aborts,
and generates dynamics estimates [ A,(Ch) B}Eh)} which are sufficiently close to the true dynamics LAY”) Bih)} at all times.

The success events are Egyccess,1 = Ebound N Eest,1 M Econt ANA Eguccess,2 = Ebound M Eest,2 N Econt Tor the settings where the

task specific parameters are not easily identifiable and where they are, respectively. Here,

Evound = {H@’”Hz <a2logT Vitel[T],Vhe [H]} {57 < m vk € il v e (1]},

ORN & B am]|? UQd“’HPf(fho) B1log(HT)d(®y, P,)*
et = H[A/g B >} _ [Ag B! }H < Cogtn —— 15— log(HT) + . Vk € [kn], Vh € [H] ¥,
F TkO, (o

2

R N 2 od -
Eest2 = {H AP BP] = A B || < Cara T3 0s(HT) + Bod(bi, #.)° Vh € [bea]. Vh € [H]},

Ccontract\/ﬁ]‘og(HT)
(1 —2pN)\/Hr,07

and Cest,1 and Ceg 2 are positive universal constants. We recall that

e xp and K, are the state and controller bounds triggering the abort procedure, see Assumption IIIL.1.

e (1 and (3, are system theoretic constants defined in Assumption III.2 and Assumption I11.4.

o kgin is the total number of epochs run in Algorithm 1, and 7 is the length of epoch k.

e « is the parameter defined in Assumption III.3 that quantifies the degree to which the initial and optimal controllers

provide persistent excitation of the system specific parameters.

e o7 is the level of input exploration during epoch k.

o NNV is the number of descent steps run on the shared representation per epoch in Algorithm 3.

o p describes the radius of contraction for each iteration of Algorithm 3, while Contract Characterizes the numerator of the

variance for each iteration; p is defined in Theorem II.1 and Ccontract in Theorem VIL.2.
With these events defined, the proofs for Theorem III.1 and Theorem III.2 consist of two steps:

1) In Section VIII we show that the success events Esyccess,1 and Esyccess,2 hold with high probability.

2) In Section IX, we decompose the expected regret into a component incurred under the success event and under the
failure event. We show that the regret incurred under the failure event is small. The regret under the success event then
dominates the overall regret, which is in turn bounded to obtain the expressions in Theorem III.1 and Theorem III.2.

Before doing so, we present formal versions of Theorem II.1 and Theorem II.2 in Section VII.

Econt = {d((i)k; (I)*) < PkNd((i)o, CI)*) + Vk € [k'fin]}v

VII. TECHNICAL PRELIMINARIES

To bound the probability of failure, we require two key components for our analysis: a high probability bound on the
estimation error in terms of the level of misspecificiation, and a bound showing that the contraction event holds with high
probability for any one epoch. The bound for the first step is provided in [34], and the bound on the second step is provided
in [36]. We first describe the process characterizing the data collected during each epoch.

Consider a general estimation problem in which the system is excited by an arbitrary stabilizing controller K and excitation
level defined by o,,. In particular, we consider the evolution of the following system:

Ti41 = A*l’t + B*ut —+ wy

(10
ug = Ky + 0491,

where g; KRN (0,1), and w; is a random variable with o2-sub-Gaussian entries satifying E[w;w, | = I. We assume that
03 < 1 and that x; is a random variable.
A. Least squares error
We first consider generating the estimates é,A = Ls(i)7x1:t+1,u1:t). We present a bound on the estimation error
. 2
che — 3,07

in terms of the true system parameters as well as the amount of data, ¢.
Theorem VIL1 (Misspecified LS Est. Error - Formal Version of Theorem II.2, Theorem 5 of [34]). Let § € (0,1/2).
Suppose t > cns(K, HleQ,&) for

f 1
7s(K, Z,5) = max {04 | Px | U3, <dx +dy + log 5>7x x || Pk || + 1}



and a sufficiently large universal constant ¢ > 0. There exists an event & which holds with probability at least 1 — § under
which the estimation error satisfies

S (5) + 4 OHIPk I (dx +dy +log §) | [P 0. d(, 2.)° 6]
~ i (A (0, ) B\ Dmin (A (0, K) )2 Ao (B (0, K))

Héé — ®,0"

where

t—2 s
1

T
- ; 1 0 0 A
A &T L 2 * (% J\T
Ao, K) 27| 5 § 2B*(B*)T I)(AK) [K} + {o O'ZIdU:| .

0j=

B. Representation Learning Guarantees from DEW

We now want to prove that applying DFW leads to the high-probability contraction guarantee previewed in Theorem II.1.
Analogous to the original analysis provided in [36], to this end, we consider a general realizable regression setting, i.e. for
each task h, the labels are generated by a ground truth mechanism

yz(h) — vec_l( g(h)) h) + w( )7
where ygh) € R%, xl(h) € R%. Note that our sysID setting simply follows by setting yl( )& mfi) x(h) £ xgh)T ugh)T .

For a given task h and current representation d and task-specific weights 6" the representation gradient with respect to a

given batch of data {(x <h)7 yfh)) v, can be expressed as [39]

1 N
Vi) & Vasy 2|

- 1 (X(h)TX(iw)(i)é R T _ Xi(h)'l'yz(h)é(h)'r)

2
ygh) — vec_1(¢>9(h))x§h) H2

K] K3

1 & 1 o
= 5 XM (@00 — 2,00 ) 90T — =3 XM T M T
1=1 =1

where X; (h) 2 Ig, ® :z:(h)T Recalling the definition of the orthogonal complement matrix ®, ;| and the subspace distance
(Definition II.1), we note that Hfb l(I)H is the subspace distance between ®, and ®, and ®] «. 1P, = 0. Noting these

identities, the key insight in DFW [36] is to pre-multiply the representation gradient V( ) by the inverse sample-covariance
(% ZX(h)TX(h)> 71’

- 1
G 2 <N ZXi(h)TXi(h)> g

N N (11)
(i A (M) A(R)T (W) T v (h) \ =1 (M1, (M) k)T
= (6™ —@,00)aWT — [ S xMTX > X T,

i=1 i=1

Therefore, performing a descent step with the adjusted gradient @Ebh) and averaging the resulting updated representations
across tasks h yields

® —1i(ci>— v
L= g ) (12

h=1
(h) a (h) (h) - al (h) (h)
- B L} H(h) H(h) L} h) p(h) L} h h 1 h h) p(h)
= <I)<I hg 10 0 ) + <I)*< hg 10* 0 ) + hg 1(; 1Xi X; ) ZE 1Xi w, 0 . (13)

Pulling out the orthonormalization factor and left-multiplying the above by & «, 1 Yyields

H N
®Il(i)+R(DIl<i)< ,%Z GG >+q) le<ZXi(h)TXi(h)>l SOXMTy MG,

i=1 i=1



Thus, as long as the orthonormalization factor R is sufficiently well-conditioned, by taking the spectral norm on both sides
of the above, we get the following decomposition

_n Za(h AT

As proposed in [36], bounding the improvement from d to fibr essentially reduces to establishing

H
. - n A _
d(d.,,®,) < d(d,,) HR 1”+ EZ X(h)‘l‘ —Ix ()W) THh)T HR 1H (14)

that HI — o Q(h)ﬁ(h)TH is a contraction with high-probability and analyzing the noise term

%thl(X(h)X( IH=IXMWMT as an average of self-normalized martingales. The following largely adapts the
analysis from [36], with minor alterations due to the slightly modified setting.

Contraction and Orthonormalization Factor
As aforementioned, bounding the “contraction rate” of the representation toward optimality amounts to bounding

_ I NTemgmT
HZ g
.

The proof of this largely follows from the analysis in [36], by lower bounding the minimum eigenvalue of Zthl MM
as in section A.2 of [36], and by HR‘1H by 1/(1 — 4% Zthl 99)99”) for a universal constant ¢ > 0. Substituting the
value of this ¢, and apprpriately defining the step size results in the contraction.

1=~

Noise Term
We now consider bounding the noise term in (14):

H
n () (M) T\=1x ()W) T§
H};l(x XM TY=1x Ry ()T gk

SR

This also largely follows from analysis in [36]; however, we note that the shape of the representation with respect to the input
and output dimensions introduces a couple discrepancies we must address. In [36] and other related work, the representation
enters as: y = F,®,x + w, where z is a (stationary) subgaussian process, and w is a conditionally-subgaussian zero-mean
noise process, whereas our setting includes a vectorization operator y = vec~!(®,0, )z + w, making analogous assumptions
on z,w. The analysis in [36] relies on the self-normalized martingale toolbox [24, 40], which provide tools to control the
process

N N
i=1 i=1

In our setting, X" is determined by the Kronecker product with identity. In light of this, the corresponding step of the
proof may be replaced with application of Theorem 7 of Lee et al. [34].

We now present a bound showing the improvement of the subspace distance d((ﬁ N <I>*) after running Algorithm 3.
We want to show that DEW (Algorithm 3) contracts the subspace distance between the representation estimate $ and the

optimal basis ®,. Before proceeding to representation error guarantee, we state the burn-in sample requirements for running
DFW, which recur for our ensuing regret analysis.

Definition VIL1. For given stabilizing controllers K", h € [ ), ie. p(A(h)+B(h)K(h)) < 1, define 'Y, > 0 and uy, € (0,1)
as constants such that for all h € [H|, (A(h) + B(h)K N < TYo(u))t for any t > 0.

Assumption VIL.1 (DFW burn-in, redux). Consider running Algorithm 3 on data generated from arbitrary initial
states $§1)7 . 7x§H), norm-bounded by xy+\/log(T) (see Line 7), by closed loop systems under stabilizing controllers

KW . K with exploratory noise o,g1, g Lt N(0,14,), and representation d. For a given failure probability
0 € (0,1), let the following hold on the epoch length and systems h € [H|:

H
rank <Ze£’”9£’l”> —dy

h=1

3Such constants are guaranteed to exist by, e.g. Gelfand’s Formula [41].



e 2 g {0 P P14 0 (o + Tow(F1/9),
0'20'2
163712 (14 K2 + 02)
- 4
<2 t( e (h) (h) )—1
d(®,P,) < 5% m}}nm(Z (KWW oy, zy ")

H
. ,{(Zoih)eyl)'r)fl’
h=1

(dx + dp + log(H/(;))}

A 1

where Tmix = =i log (WTK \/xg log(T) + 1_&%) and X (K, 0y, x1) denotes the t-horizon population covariance matrix

of (z,w) initialized at x1 and under feedback controller K and exploratory signal level o,,.

Assumption VIL2 (DFW burn-in, redux). Consider running Algorithm 3 on data generated from arbitrary initial

states atgl), . ,xgH), norm-bounded by wy+\/log(T) (see Line 7), by closed loop systems under stabilizing controllers

KM .. KM with exploratory noise o,g:, g; Lig- N(0, I,), and representation ®. Fixing a failure probability § € (0,1),
let the following hold:

H
rank (ZG&h)Gih)—j =dy

h=1

t/N > O(dx + dg + log(H/(S))
d(®,®,) < dinir-

In the context of our problem, Assumption VII.2 in short requires that the optimal weights 9£h) span R%, which is
necessary to identify the parameter space in all dimensions, and that the (initial) epoch length ¢ is long enough for certain
quantities to be well-defined. We note the assumption on the initial subspace distance is largely technical, as discussed in
prior work [14, 36], and can be satisfied by an appropriate initialization scheme, which we do not discuss here. We now
state a bound on the improvement of the subspace distance after running Algorithm 3.

Theorem VIL2 (DFW guarantee). Let Assumption II.1 and Assumption VIL.2 hold and fix 6 € (0, 1A) Then, with probability
at least 1 — § running Algorithm 3 yields the following guarantee on the updated representation ® — Py

VN

d/((iN> (b*) < de((i), (I)*) + Ceontract O'U\/W7

where

Kavg

Ccontract = 1_ \/ipN

1 (& o)
_ R o) T \ =1
p—4/€<§9* 0, )

h=1

H

_ 1 A

Kag = | 77 2 02167 1P (L + [ K02 + %)
h=1

- polylog(dx, dy, dg, H,1/6).

VIII. HIGH PROBABILITY BOUNDS ON THE SUCCESS EVENTS

We begin by presenting several auxiliary lemmas from prior work.

A. Auxillary Lemmas
Lemma VIIL1. (Noise bound (Lemma 13 of [34])) Let § € (0,1). For any task h € [H], it holds that

wf?
h
9"

max

T
< -
A < 4o (dx =+ du) log 5

with probability at least 1 — 6.



For any task h € [H], we define the empirical covariance matrix conditioned on the initial state xgh) as follows:

.
S N e EE R N ES L O
n( ,ou, 2y ) = E ;Z (R) () |z | and
Us Us
h

s=1
(h) ) Igh)
h) |2y u™

t (h)
1 Ts
- ( Lgh)] —E
where EZ(K (h) , Oy a:( )) denotes the centered empirical covariance matrix from rolling out system /& under control inputs

s=1
ugh) =K (h)xgh) + augg ) for ¢ steps starting from an arbitrary initial state xgh).

EZ(K(h), Ou, xgh)) £ E

Lemma VIIL2. (Epoch-wise covariance bounds (Lemma 2 of [34])) For t > 2 and task h € [H], where we denote
KM = K, AW = A, B = B, (K™ 0, 2") = SHE® 0, a™), and $4(KD, 0,,2") = SHED, 0, 2")
we have

.
= as [1] 4 o o ; I 0 0
1) SYK,ou,m1) = 138055, {K} Al (o2B*(B )T+I)<A§()T{K} +{O UQIJ

u—ay

= 1|1 1
2) XY K, 0y, 1) = Xk + % Zi:g {K} Ascxiz] (A5)T [K}
_ 2
3) Zt(K,Uu7$1) Zt(K O'u,.’L'l) - WI
4) XK, oy m) = (14| P ||””1||)Et(K,au,:C1)

5) ||SHK, 0, 21)|| < 5| Prc|)* U%..

Lemma VIII 3. (State bounds (Lemma 15 of [34])) Consider rolling out the system xs41 = A*xs+ B*us+ws from initial
state xl for t time-steps under the control action us = Kxs + 0,95 where K is stabilizing and o, < 1. Suppose
Wy

o [lz1]| < 16| P | ¥ 5 max; << o

o [I1Pxll < 2P|l

$t2 1°g<1_;) hT) L
Prc||

Then for s=1,...,t

]| < 40 || Pre, |* @ - max
<t<T

Bk
Rk

W for any task h € [H]. As long as

Furthermore,

2]l < 16| Pi, |** @+ max
1<t<T

Theorem VIIL1. (Theorem 3 of [28]) Define ¢ £

~ N 2
o> 500 a0 o] <

(h) _ 21 p(h)
we have that Pf( 2550

h) 1
H = 6”P§h>”3/2’ and

JM (KM — J(’”(Kih))g142”135’””8‘“4(%1) B(fw]_[Agh) Bﬁh)”‘jﬂ

Using the above lemmas and theorems, we can mirror the arguments from Appendix C of [34] to show that the events
of success Eyccess,1 aANd Esyccess,2 hold under high probability.

B. High Probability Bound on Success Event 1 (Hard to identify parameters)

Lemma VIIL4. Running Algorithm 1 with the arguments defined in Theorem II1.1, the event Eyccess,1 holds with probability
at least 1 — T2

Proof. To show that the success event Eyceess,1 holds under probability 1 — T2 we can use an induction approach. For

this purpose, we show, with high probability, that for every epoch k € [kqy, |, Algorithm 1 does not abort, i.e., the state and
controller bounds are satisfied, the least-square estimation error is maintained small and scales according to the bound in
Eest,1, and the learned common representation contracts towards its optimal as in En. We begin our analysis by studying
the first epoch.



Base case: We consider the first epoch & = 1 as the base case of the induction approach. For convenience we assume

that :cgh) = 0, for all tasks h € [H]. However, it is worth noting that the proof below can be readily extended to bounded

non-zero initial states.

« The bounds on ||x§h) |? for t = {0,1,...,71} and K(gh) are not violated: We first show that, with high probability, the
state and controller bounds are not violated during the first epoch. To do so we have to bound the worst-case behavior of
the process and exploratory noises, which can be accomplished by using Lemma VIII.1 to obtain

wf?
i

with probability 1 — %T”, for all tasks h € [H]. Then, since the initial state norm (i.e.,

w
g™

, for a sufficiently large constant c. We then may

< 4o/3(dx + dy)log(3HT). (15)

max
1<t<T

2| = 0) satisfy

ngh)H < 16(PY)*/?Y, max

)

and the initial epoch length can selected according to 7 > .

use Lemma VIIIL.3 to write

27| < 40Py 2wy ma

pax, , Vt={0,1,...,7}, (16)

and by using (15) in (16) we have

with probability 1 — %T*‘B, Vh € [H], which implies that ’

that ||Kéh) |> < Py < 2Py, which leads to HK(gh) | < K. Therefore, we define the event where the state and controller
bounds are satisfied for the first epoch and obtain that &young,1 holds under high probability 1 — %T’Q.

2
=M H < 76800(PY ) (W})202(dx + dy) log(3HT), Vt=1{0,1,...,7}

2

xgh) < x% log T'. For the controller bound, we can notice

« Controlling the least-square estimation error: To control the estimation error at the first epoch, one may exploit Theorem
VIL1. Note that a condition Tiarm up > atPy (U%)?(dx +dy) implies that 71 > c7i5(Kp, 0, %T‘S), for a sufficiently large
constant ¢, which satisfy the condition of Theorem VII.1 to obtain

2
H[Agh) Bﬁh)} 7 [Aih) Bih)”r - dgo?log(HT)
FUn min Awin(®] (igl (KM 01,0) @ Idx)qn)

g

a7
+ 1+

ot (Py)"(W})%(dx + dy +log(HT)) (Py)2(Wh)2d(D1, @,)%(6Y)?
7omin A ($7 (2;1 (KM 61,0)® de)ciw min Awin(®] (2;1 (KM, 01,0)® Idx)cﬁl)

h=1,. .H h=1,...H
with probability 1 — %T‘?’, for all tasks h € [H]. We note that the rate of the decay in the estimation error is controlled
by the minimum eigenvalue of the input-state covariance matrix. Then, we may use the third point of Lemma VIIL.2 to
obtain

2 2
1 01

o
>
2(2+2(Ky)?) — 8Py’

min Amin (&7 (i;; (KM 61,0)® Idx)él) >

h=1,....H (18)

where Ky = | ax HKéh) H and the final inequality follows from the fact that 2 + 2(Ky)? < 2 + 2Py < 4Py and
(PY) > 1. We then use (18) in (17) to obtain

. . 2 dgo?(Py
L L

~

T10'1
(2 TR+ IoB(HT) () (Eg Py, 20"
T 0% o? '
and from 0§ > %du we have that

1 (h A (h ] ) 2 d902(Pv)
J[4P B0] - [a® B[ < “% 5 vog(arT)
F T107



; d* (D, D,
ot () (W) + du + log<HT>><9V>2(a1%)'

Then, by defining 81 £ Chias 104 (P )2(0%)8(0Y)%(dx + du) we obtain

) . P, log(HT)d?(®1, @,
H {Agh) BYL)} {A(h) B(h)} H < CestlLC(TQO)IOg(HT) LB og( (7)2d (1, Ps)
T107 1

Therefore, by defining the event &£, where the above least-square estimation error at the first epoch holds, we have that
&is,1 holds under probability 1 — 773, for all tasks h € [H].

« Controlling the error in the learned representation: For the first epoch, we initialize the representatlon as ®g. Then,
Algorithm 1 play K (M) for all tasks h € [H] to collect a multi-task dataset that is leveraged to compute d, via Algorithm
3. Therefore, we can set 71 > cT4fy, for a sufficiently large constant c, to use Theorem VIL.2 to obtain

Ccontract \/N log(HT)
v HT 0% ,

with probability 1 — %T_?’. Then, by unrolling the above expression for N iterations of Algorithm 3, we have that

CYcontract\/ﬁ IOg(HT)
1—/2pN \/H7'102’

and we denote & ; as the event where the above bound holds under probability 1 — fT 3, for the first epoch.

d(i>+,<1>*> < pd(fi),fb*> n

a(®1,0.) < pVa(do, 0, ) +

Induction step: We now introduce an induction step to extend our analysis for every epoch. For this purpose, based on the
first epoch one may establish the following inductive hypothesis:

(h)
. < VA3/2 (1 V Wy
Bounded state: ’ x < 16(Py)*/2(V)) max [gt(h) , (19)
. R dgo®(Py log(HT)d?(®y,, @,
Least-square error: H {A,(Ch) Béh)} — {Aﬁh) B(h)} H < CS”LQ())log(HT) + B log( )2 (@ ), (20)
TRO}, o,
and
“ A C vV N log(HT
Representation error: d(®;, ®,) < p*Nd(d,, @, ) + —2mr og(HT) (21)

1— \/ipN\/HTka,% ’

« Controlling the least-square estimation error: To control the estimation error along the epochs, we first need to control

. . . S S 3/2 O
the variance term in (21) and obtain d(®y, ®,) < d(Pg, P), for all k € [kg, |. We can set 71 > 8(1 :;E;;;J)im}é(éf? R

and use the condition on the exploratory sequence o; > 7, VS E=1/2 1o obtain d(®y, ®,) < d(Pg, ®,). Moreover,
we can use a condition on the first epoch length such that 7, > 7 > c(aZ(Pa’ )7“61‘1% log T)Q, for a sufficiently

large constant ¢, along with the condition on the exploratory sequence o; > 4/ %, and initial representation error

= A N ~ 2
d(Dg, D) < ,/2611057%(1”) to obtain H{A](Ch) Blgh)} — {AY‘) Bﬁh)]H < &N < ¢, Therefore, the conditions of
F
Lemma VIII.1 are satisfied and we may write

(K

1 1.
P atlog T 2T < 2my (K, o} log T, 777) and HP}:) H <1.05(PY) < 2(BY).
k41

where the first is true since the lower bound on 7 scales with ||PI<{h)||. Therefore, by selecting the initial epoch lengh
according to 7 > cns(Kih),xg log T, %T*?’), for a sufficiently large constant ¢, we can use Theorem VII.1 to obtain,
with probability 1 — 773, for all tasks h € [H], the following

. < d a%(Fy)
(h) (h) (h) H ago-(1y )
H [Ak+1 Bk+1} [A } Th11024 log(HT)

(1 PO o T (B Wb 210"
Tk+10%41
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h
where we can use HP( )
Krq1

< 2(Py) and control the minimum eigenvalue of the input-state covariance matrix as follows

2
. & T T (R) (h) 2 k41
h:I{l,%.I.l,H)\mi“(q)k“ (E kﬂ(K’“ 1Okt Thofy) @ Idx)q)kﬂ) = 8(Fy)’

C . .. \/dg/d .. .
which implies that from the condition o']% 1> \/% Y and the definition of (1, we obtain

; - 2 dgo (P ) B1log(HT)d?(Dpr1, )
() M| _ 4 pm H < 0 +15
H {Ak+1 Bk+1} {A* = } P Cest Tk+10k+1 log(HT) + JiH '

Therefore, we proved that since &y holds under high probability, then &g, also holds under probability 1 — %T_?’. By
union bounding for all the epochs we have Eest1 C Eis,1 N -+ - N E kg, holds under probability of at least 1 — %T‘Q.

o The bounds on ||a;§h) |2 for t = {r, +1,..., 7K1} and Kéh) are not violated: By following our inductive hypothesis,
we have
(h) VA3/2 (V. wt(h)
J=62]) < 1oy ) s | 1)
log =

which combined with H (h) (Py)and 7y > e (f 2L ) for a sufficiently large constant ¢, we can exploit Lemma

og 7

VIIL.3 to write "

(h) VA2 gy V wﬁh)-

o] < s00Ry)2 (%) max RO BRI R 22)

and by using (15) in (22), the state bound satisfies ng”)’ < a7 log T with probability 1 — 272, for all tasks h € [H].

Pro ol < 2(Py), which implies that HK’““H < K.

Therefore Evound, k+1 holds under probability 1 — fT 2, which implies that E,oung holds under probability of at least
11—
- 3T

Moreover, the controller bound is satisfied since HK ! ‘

o Controlling the error in the learned representation: Following our inductive hypothesis on the contraction of the
learned representation and the condition on initial epoch length 7, > c7y4y, for a sufficiently large constant ¢, we can use
Theorem VII.2 to obtain

CVcontract \/N IOg(HT)

)
/ 2
HTk+1O’k+1

with probability 1 — %T*S. Therefore, by applying (21) to (23) we have
1Y CVcontract\/i log(HT) contract\/il()g HT)

1—V2p¥N vHTka \/HTkHokH

(é) p(k+1)Nd('i) *) \f,O C'contract\/E 1Og HT contract\/>10g HT)

+
l—fp ,/HT]H_10'k+1 ,/HTkJrlakH
p(k+1)Nd((AbO o ) + <1 + \/§PN > contractflOg(HT)

_ N
L= V2 \ Hi108

p(k+1)Nd(‘i)07 ‘I)*) + C(contract\/ﬁ IOg(HT)

_ N ’
L= V2 \ HTpq107 4

where (i) follows from the fact that Tkai > %T;H_la,% 1 1- Therefore, we conclude that since & holds under probability

1- %T‘3, then & ;41 also holds under at least the same probability. Then, by union bounding for all the epochs, we

have that Eon € &1 N -+ - N & g, holds under probability of at least 1 — %T‘Q.

We complete the proof by union bounding the events Eyound, Eest,1, and Econt. We then have that Egyecess,1 C Ebound N
Eest,1 N Econt holds under probability of at least 1 — T2,

d(cﬁkﬂ,@*) < de(cﬁk, <1>*) n 23)

d(‘i’kﬂaq’*) < pNPkNd(@o@*) +

O



C. High Probability Bound on Success Event 2 (Easy to identify parameters)

Lemma VIILS5. Running Algorithm 1 with the arguments defined in Theorem I11.2, the event Eyccess,2 holds with probability
at least 1 — T2

Proof. Analogous to the probability of success event Egccess, We show that Egyecess,2 holds with probability 1 — T2 by
induction. To do so, we show, with high probability, that for every epoch k € [kg, |, Algorithm 1 does not abort, i.e., the
state and controller bounds are satisfied, the least-square estimation error is maintained small and scales according to the
bound in & 2, and the learned common representation contracts towards its optimal as in ... We begin our analysis by
studying the first epoch.

Base case: We consider the first epoch £ = 1 as the base case of the induction approach. For convenience we assume that
xgh) = 0, for all tasks h € [H]. However, it is worth noting that our proofs can be readily extended to bounded non-zero
initial states.

o The bounds on ngh) |? for t = {0,1,..., 71} and K(()h) are not violated: We begin our the analysis, by showing with
high probability that the state and controller bounds are not violated. In order to ensure that the bounds on the state and
controller are not violated, we first bound the worst-case behavior of the process and exploratory noises. For this purpose,
we use Lemma VIII.1 to obtain

wf®
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e

with probability 1 — 372, for all tasks h € [H]. Therefore, since the initial state satisfy

wf?
h
9"
clog ﬁ

, for a sufficiently large constant ¢, respectively.
o ( T ) y larg P Y

wf®
e

2
H@’”H < 76800(PY )4 (0Y,)202 (dx + dy)log(3HT), ¥t ={0,1,...,7}

< 40+/3(dx + dy)log(3HT). (24)

max
1<t<T

)

h
|267]] < 16(P)*/2 (W) max

and the initial epoch length can be selected such that 7 >

We use Lemma VIIL.3 to write

Hx@H < 40(PY)2(¥Y}) max

. . vt={0,1,...,7} 25)

Therefore, by using (24) in (25) we have

2
with probability 1 — 272, for all tasks h € [H]. This implies that the state bound is satisfied, i.e., xgh) < a?logT. On

the other hand, for the controller bound, we note that ||Kéh) | < Py < 2Py, which implies that ||Kéh) || < Kp. Therefore,
Evound,1 (i.€., the event where the state and controller bounds are satisfied at the first epoch) holds with probability 1— %T‘Q.

o Controlling the least-square estimation error: To control the estimation error at the first epoch, we can use Theorem
VIL1. In addition, a condition Tywarm.up > 0*(Fy)3(¥};)?(dx + dy) implies that 71 > c7i(Ko, 0, 37?), for a sufficiently
large constant c. Then, from Theorem VII.1, we have

2
H[Agh) Bgih)} _ [A(h) B(h)”’Q < dgo® log(HT)
* * ~ . ~ ST h A~
: Tl}L:Tl..I?,H)\mi“<¢)1T (Zhl (Ké )’ 01,0) ® Idx)q)l)
e o' (Py)"(W}%)%(dx + dy + log(HT)) (PY)2(W),)2d(D1, @,)2(0Y)? _
7 min HAmin(élT(i;; (KM 02,0) Idx)i)l)? _min HAmin@f(ig (KM 02,0) Idx)él)

yeeny yeeny

with probability 1 — %T‘P’, for all tasks h € [H]. The rate of the decay in the estimation error is controlled by the
minimum eigenvalue of the input-state covariance matrix. The main difference between this proof to the one for Egccess,2



is on the lower bound of minimum eigenvalue of the input-state covariance matrix. Here, we exploit Assumption II1.3 to
write

T h |
L r{nnHU Ter (E 1(Ké ) ,01,0) ®Idx)(1>1v > L r{nnH2v<I>1T<{ } {K(h)] ®Idx>¢>1v
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. 2 A | 2R o (h
S e |
do 2 02
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2, i i [ el )| 25
then, since ||v|| = 1, we have that
_ ~ a?
i Apin(] (2;1 (K™,0,0) ® Idx)cpl) >
which implies that
N . d
i 5] ][ < %
. (1 L OB (W) (dx + dy + 10g(HT))> (PY)*(W5)d(P1, 8.)%(6Y)?
Tl a? '

codg log(HT)

and by using a condition on the initial epoch length 7, > T

, for a sufficiently large constant ¢, we have

2 o2dg log(HT X
[[a0 B] - [a% B®]|| < Cea TEE2 AT 4 5yi(é1, .72,
F are’

2_A \4 \2
where 8y £ Chias,2 ge Sﬁﬁl )in({eoc;,a(f ;+d“). Then, by defining the event & ; where the above estimation error bound holds

for the first epoch, we have that & ; holds with probability 1 — %T*“D’ for all tasks h € [H].

« Controlling the contraction in the learned representation: For the first epoch, we initialize the representation as
dg. Then, Algorithm 1 play Kéh) for all tasks h € [H] to collect a multi-task dataset that is leveraged to update the
representation <i>1 with IV iterations of Algorithm 3. Then, since 71 > c7g4sw, for a sufficiently large constant ¢, we can
use Theorem VIIL.2 to obtain with probability 1 — 7T 3 the following

Cconturact\/]v IOg(HT)
1—V2pN /Hr0? ’

and we denote & as the event where the above bound holds with probability 1 — %T_?’, for the first epoch.

d(fﬁl,@*) < de(cio,cI)*) +

Induction step: We now use an induction step with the following inductive hypothesis:

(h)
. (h) VA3/2(ayV Wy
Bounded state: me H < 16(RY)*/(Wh) ma L}Eh) | , (26)
A 2 2dglog(HT A
Least-square error: H [A h)} {A@Bﬁh)} HF < C’est,gLig) + Bod(®y, @,)?, 27
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. . vract VN log(HT
Representation error: d((bk, (D*) < pkNd(<I’o, <I’*) + Contract og(HT) , (28)
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« Controlling the least-square estimation error: To control the estimation error throughout the epochs, we first note
c

= \/S‘Z‘”TQNHIF/%d(gT)(P ik we then have d((ik, *) < d((io, ) for all k € [kgn ]. Moreover, we can

select the first epoch length as 71 > %

that since 71 > 8

T HT) , for a sufficiently large constant ¢, along with the initial representation

error d(@)o, d,) < ’/ﬁ to obtain H [ kh) B,(Ch)} _ [Aih) Bih } H < g™ < &™) Therefore, the conditions of Lemma
F
VIII.1 are satisfied and we can write

1 1 (h)
Tls(K z2logT, 3T 3 < QTlg(K ,xilogT, 3T ) and HPKk+1

o | < Los(RY) < 2(RY).
where the first is due to the fact that the lower bound on 7 scales with ||Pi((h)||. Therefore, by setting the first epoch

length such that 7; > CTIS(KyL)7 z}log T, $T3), for a sufficiently large universal constant ¢, we use Theorem VILI to
obtain

R 2 deo?log(HT
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with probability 1 — %T*?’ for all tasks h € [H]. In the above expression we also use HP(h ’ < 2(Py). We control the

minimum eigenvalue of the input-state covariance matrix as follows
2

g I{nnH)\mm((b (m+1(K]gh>l70—g+1, gkll)qgldx)@kﬂ) > %7
since
do
L I (87 + &P K ™*) + Zl wB (R, — K09 > 0 R, - K+
>a— _ L > @
N 6(Py)3/2 = 2°

which implies that

. 2 2dglog(HT) .
h h h h 0~ ag log 2
H [AEH)1 Bl(ch)l} - [Ai ) B! )} HF < Oest,QW + B2d(Ppt1, i),

Therefore, since 81Q  holds with high probability, then & also holds with probability 1 — 7T 3. This implies that
Eest,2 C &Eis,1 N -+ - N &g iy, holds with probability of at least 1 — 1T 2 for all tasks h € [H].

o The bounds on ||sc§h) |2 for t = {r, +1,...,7%41} and K(()h) are not violated: By following our inductive hypothesis,

we have
|
h
gt

which combined with le((f; )+1 H < 2(P0V ) and 71 > c%, for a sufficiently large constant ¢, we can use Lemma
VIIL.3 to write
e
)
(h)

2
and by using (24) in (29), the state bound is satisfied , i.e., th ‘ < a2 log T, with probability 1 — 172, for all

) (Py)*/2(W}3) max

1<t<T

Hxﬁh)H < 40(PY)2(VY) max

1<t<T ) vt:{Tk+1,...7Tk+1}, (29)

% < 2(Py), which implies that

N 2
tasks h € [H]. Moreover, the controller bound is verified since HK ’E}‘l*‘)lH < HP n)
k+1




HK ,g]_LHH < Ky. Then, Eyoung,k+1 holds with probability 1 — lT , which implies that Epoung holds with probability of at

least 1 — 72, for all tasks h € [H].
o Controlling the error in the learned representation: Following our inductive hypothesis on the contraction of the

learned representation and the condition on initial epoch length 71 > c7y4sy, for a sufficiently large constant ¢, we can use
Theorem VII.2 to obtain

VN log(HT)

Y
2
Q/H7k+10'k+1

d(®er1, @, ) < pVd (1, 2. ) + Coontrac (30)

with probability 1 — %T*S. Therefore, by applying (28) to (30) we have
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A contrac Nl HT
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where (i) follows from the fact that 7,07 > 374410%,,. Therefore, we conclude that since & 5 holds with probability
— %T’?’ , then & ;41 also holds with at least the same probability. Then, by union bounding for all the epochs, we have
that Econt C .1 N -+ - N E kg, holds under probability of at least 1 — %T‘2.
We complete the proof by union bounding the events E,ound, Eest,1, and Econt. Then, we have that Egecess,2 € Epound N
Eest,2 N Econt holds under probability of at least 1 — T2,

O

IX. SYNTHESIZING THE REGRET BOUNDS
We use the success events to decompose the expected regret as in [29]: E[Rgﬁ )} = Rgh) + Réh) + Réh) -TJ (Kih)),

where for Esuccess = Csuccess,1 O gsuccess = Csuccess, 2>

Kfin T
Rgh) = E l(gsuccess) Z Jlgh) 9 Réh) (6SCUCCeSS) Z ci(fh) ? and R(h Z ¢ h)] . (31)
k=2 t=711+1
Here, J(h) ;kti_l cgh) is the epoch cost and cgh) (h)TQ () 4 (h) Ru(h) is the stage cost.

The terms R(h) and R(h) may be bounded directly by invoking Lemmas 20 and 22 of [34] along with the high probability

bounds of Lemma VIII.4 and Lemma VIILS. It therefore remains to bound R(h ~TIM (K, )) This is done for the settings
of Theorem III.1 and Theorem III.2 in the following two lemmas.

Lemma IX.1. In the setting of Theorem III.1, we have
Rgh) S POlY(dX7 dU7 Pa/7 \ng Twarmup; Lb,
+ poly(Py, ¥}, o) \/dgdu\flogT

+pOIY<dx,du7d97Pov, V5,0V, 0

1 ~
— (D, D,) ) log? T
1—\/§pN ( 0 )) g

1 T2/3
) log?(TH).

b ) N
1—+/2pN VH
Proof. We may invoke Lemma 22 of [34] to show that
8 R R 2
P —ml)E[l 2] [[[A2, B ] - [a® 8| ]

p H .

(32)
+ (1 = 7o) TP (KM + 4(my, — me—1)dy

()H 22

B



where

A N Ceontract / PYV N log(HT
EM = {d(@kl,cb*) < kDN gy, ) 4 Ceommaee VP VIV log )}

(1 —2pN)\/Hr.07

2d H (h )H ~ 9
A A 2 0| Pk Brd(dr_1, ®,)

h h h h 1 k—1 ¥
H [A](le B](lei| |:AS< ) B£ )i| HF § CeS k; 10_k L T 0_]%

is the event bounding the norm of the dynamics error in terms of the misspecification as well as the misspecification in
terms of the amount of data. Under the event E,ih), we have

efi[20] Jlag 8] - [ s

(h) .
< C % 10 T + Qﬂpo(kil)Nd(q)C" (I)*)Q + 26 CgontractPVNlogQ(HT)
- Th-10% 1 e (1—V2pN)2Hry10}_;
Substituting the above inequality into (32), we find
RY" — 17" (K1)
Kfin 2 (h) H _ A
< zf: H.P(h)HgT UdoHPKOlogT_’_ /Blp2(k 1)Nd((I)O, (I)*)2 + ﬁ CzontractP(YNlogz(HT)
=" T-10% 1 i1 (1= v2pN)2Hry 10},
e 2] |

Substituting in our choice of 0’,% from (7), we find

R —1gM(KM)

h h
Kin 9 <H I((()’W 51 contractpa/NlogQ(HT) +dy Pl((é)h) \IIQByL))
h 2/3
< Z” Vdgdy || P! ()h) U2 o y/Ti1log T+ VeV 723
8
+ <51 (h()m +dy P]((h()h> ‘IﬂBih))Tk—lP(kl)Nd(q)O, ) (h)H
h
( P]((()h) Cvz:2ontract1:)0 NlOg (HT) + dU ( ()h) \I/2B(h>> T2/3
h)
< 02\/dydy HP( o B(h)flogT+ (1= v2p™) NI
h
<51 PI(([())h) +dU P( ()h) \IJB(;L)>7'1
+ d(®g, ®,) + 2310 TP({
1 _ \/ipN ( 0 ) b g H (;)
The result now follows by substituting in the definition of 7y from Theorem III.1, of B; from Assumption III.2, and of
Ceontract from Theorem VII.2. O]

Lemma IX.2. In the setting of Theorem II1.2, we have

1 1 A
Rgh) S pOlY<Jv d97dUadX7 av W? \I}évf)[;/ﬁrbv’rwarm upad((I)Ov(I)*)) IOgQT
1 1 vT
+ poly| o,dg,dy,dx, = — ,\I/V,Pv,x,N>102TH.
p Y( 0, du, dx Ty B b Wi g”(TH)

Proof. We again invoke Lemma 22 of [34] to show that (32) holds in this setting, where the event bounding the norm of
the dynamics error is now given by

N o Crontractn/ PY VN log(HT
B = {d(¢k1,¢*) < p* NGy, @) + ( - 7 %(; el > )}
—V2p" )/ Hrpoj,
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Under this event, we have

e[1[e] |4 50 [ sw]]]

logT+ Bod(Dy,, ) }

o, Oe (o 28PNy, @) Clinrec P N log® (HT)
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Substituting the above inequality into (32), we have
R — g™ (kM)
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Substituting our choice of ak from (8), we have
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We conclude by substituting So from Assumption I11.4, Ceoniract from Theorem VIL2, and 7; from Theorem IIL.2. O]
With these lemmas in hand, we are now ready to prove the main results.
1) Proof of Theorem IIl.1:
Proof. 1t follows from Lemma 19 of [34] that
R(h) < 371 max{dx,dy} H K \111235’”' (33)

The second term, Réh) may be bounded by using the fact that the state is bounded up until a failure situation is reached,
and after that failure situation, the initial stabilizing controller is played. In the probability 1 — 7~2, we have from Lemma
20 of [34] that

Kfin
RS < T log(T)poly(o, dx, du, do, v, Ko, [ Q] .0¥, B, W) + 3 2(r — 71 dyot. (34)
k=1

By substituting the choice of o7 from Theorem IIL.1 into the above inequality, and invoking Lemma IX.1, we find that
R(h) R(h) TF h)( )+ R(h) + R(h)
<poly (O’, dX7 du, d@, p, Ky, HQH 5 9\/7 Pa/, \IJ\é’ Twarmup; Th, d((i)O; (I)*)) 10g2 T

+poly(Py, ¥}, 0)\/dedyVTlog* T
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2) Proof of Theorem II1.2:

Proof. We may again invoke Lemma 19 and 20 of [34] to show that (34) and (33) hold. Subsituting the choice of a,% from
Theorem II1.2 into (34), and invoking Lemma IX.2, we find

R = R — 1 g™ (KM + R{ + RV

1 1 N 5
Sp01y<avd97dUadX7av1_\/§pNa\II\L/?7POV7$b7Kb70v7”QaTWBfmUP7d((I)O7®*)> log T
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1 dg,dy, dx, —, ——=—, 0%, Py 2y, N | ~= log?(TH).
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