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Abstract

In this article, I aim to survey the important literature surrounding Nesterov’s
Accelerated Gradient Method and its descendants. I will explore the worst-case ob-
jective functions that spawned the need for Nesterov’s initial accelerated gradient
scheme—namely, attaining the (2 (1 / k‘2) iteration complexity. The middle section of
the article will discuss how Nesterov-type acceleration can be applied to algorithms
for objective functions that are “composite”, in other words the combination of a nice,
convex, and smooth function with a convex, non-smooth, yet somehow simple function.
These objective functions are related to wide classes of real-life applications, including
! regularization (a.k.a. LASSO) and low-rank matrix optimization. We will conclude
this article with a thorough exploration of a very new paper by Nesterov that considers
the case where your objective function is convex (not necessarily strongly) and p-times
differentiable, where, among other results, he shows local search tensor methods can

attain no more than a (1 / k%> convergence rate. Note that plugging in p = 1 gets
us the same bounds as in the gradient case.



Disclaimer

For all the bounds that I prove here, I am considering the case where the objective is possibly
not strongly convex, which means all the convergence rates are going to be sub-linear (sub-
exponential). However, the examples of Nesterov acceleration shown below all also accelerate
on strongly convex objectives, where the convergence is usually improved by a square factor,
somewhat analogous to the Q(1/k) — Q(1/k?) improvement we see in Section 1, and the
proof structures are all essentially the same. Therefore, to spare my poor, winter-chilled
hands, I will only report the results assuming we might not have strong convexity.

1 Nesterov’s Accelerated Gradient Method

If we were to provide a narrative to give some motivation for all this accelerated gradient
method business, let us start with the scene before Nesterov comes in. Relatively soon
after gradient method was first phrased in modern optimization terms, people knew that for
objective functions that are smooth and strongly convex, many gradient methods enjoyed a
linear convergence, and there were examples to show that this bound was tight. However,
what happened if strong convexity were taken away was not as cut-and-dry of a problem. A
lot of examples showed that many of the existing gradient methods slowed down and could
only attain a O(1/k) sub-linear convergence. This is where Nesterov first comes in. The
following section details a easier version of Nesterov’s original “worst-case” function and the
method he describes that attains that bound.

1.1 “Worst Function in the World”

Before we can discuss the accelerated algorithm, we have to understand why it was considered
“optimal”. We will walk through the example that Nesterov proposes in [6]. We characterize
first-order local search methods in the following way:

Definition 1.1 The class M contains methods that generate sequences of points {x;} that
obey
x € xo + span (V f(x), Vf(x1), ...,V f(xr_1)). (1.1)

Notice that this includes the steepest descent method, as well as many other popular meth-
ods. We now propose a family of functions that will contain the “worst function in the
world”.

Definition 1.2 Consider the family of functions F = {fx}i_y, fu : R® — R. Fiz some

L>0.
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where ey is the first coordinate unit basis vector, and Ay is the following tri-diagonal block
matrix

2 -1 0
-1 2 -1 0

We observe that since fj are quadratic functions, we immediately have the Hessian

L
\ (z1) = ZAk
and from our definition above, we find that V2 fi(x) is positive semi-definite (and strictly so
for k < n), and
0 < V?f(z) < LI,.

Therefore, for k < n, we have that f; are convex (but not strictly convex) and L-smooth.
We can also explicitly compute the optimal value for any given f,. We simply solve the
equation

L
V fi(x) = 1 (Agz —e1) =0
0, 1>k
(1 k—1
= fi= 1 {5 rt? +Z(xl xiq)? + —:f{}
i=1
L (1
L 1 .
-5 ()



Furthermore, we can make a rough upper bound on ||z*|,:

n

la*(l; = D _(a})?

i=1

2 k(k+1) N I k(k+1)(2k+1)
E+1 2 (k+1)2 6
1 Ek(2k+1)
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< 1 (k+1)(2k+2)
“k+1 6

1
=—(k+1). (2)
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We now make some subspace arguments. We denote Rﬁg] :=span (eq, ..., e). Observe that

for z € Rjj;, we have that fp(x) = fe(x) for all p > k, which is clearly true by the function’s
definition from Definition 1.2. We now prove a truly key lemma that tells us how iterates
from first order methods from class M behave:

Lemma 1.3 (Subspace Expansion of Gradient Methods) Fiz some p € [n] and set
zo = 0. We recursively define a sequence {xy},_,, where

zy € Sk := span (V f,(xo), Vp(z1), ..., Vp(re-1)).
Then, S; C R’[}g].

Proof of lemma: This follows from a simple induction argument. For our base case, observe
that since zg = 0, we have V f,(zo) = 0— £e; = —Le;, and the span S, is clearly RY. For the
induction step, assume S, C Rjj;. Take any = € Rjj). Observe that V f,(z) = L(Apz —e),
and A, is a tri-diagonal matrix, so A,z € R}, ;. Therefore, we have shown by induction that

Sk+1 € RE, |, which completes the proof of the lemma.

In my opinion, even if this is one of the technically simpler lemmas, it is in many ways
the key phenomenon that allows the “worst function in the world” to exist. We saw from
our construction of the family of quadratic functions that the optimal value of a given f is
inherently related to the dimension of the domain subspace: x}, is supported only on the first
k coordinates. Therefore, by showing that gradient methods cannot explore more than one
additional dimension per iteration, we have very succinctly tied down the convergence rate of
gradient methods to the slow decrease of the optimal value with respect to dimension of the
domain. By removing strong convexity we (seem to) admit functions where exploring one
dimension at a time won’t get us linear convergence. We will see a more intricate version of
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this argument when we consider higher-order tensor methods in Section 3, but the conclusion
will be the same: the dimension of the search space can only increase one dimension per
iteration. We are now ready to propose the worst function in the world.

Theorem 1.4 Let us fix k < 3(n — 1) such that 2k + 1 < n. We claim that there is some
fp that fulfills the following property:

1

3
o) = £ 2 gy lleo =o' s

P =32

o(3).

Proof of theorem: First we observe that it is sufficient to assume xq = 0, because we can
simply consider the centered function f,(zx) = f,(x) + 20) and use any gradient method
from M on that. Let us set p = 2k +1 < n. We use (1) and (2) to bound the following
quantity:

* L
o) — £y~ (1= gy~ 14 k)

2o — x*||* ~ 3(2k 4 2)
11
> 3L2k1+1
3 1
_ 2y
32 1 1)
3 , 1
= 2z — 2t

This completes the proof of the main theorem.

Thus, we have just shown that if we consider minimizing convex (but not strictly), smooth
functions, gradient methods cannot in general attain a faster convergence to the optimal
than (k%) Nesterov then showed that taking our favorite steepest descent method, we
only actually enjoy Q () convergence [6], which would tell us either the example isn’t not as
bad as it can get, or that the methods themselves can be improved. Nesterov’s accelerated
gradient method resolves this question.

1.2 The Algorithm and Analysis

Most of the following derivations are adapted and regurgitated from [5] and [0].

Nesterov’s accelerated gradient method can be seen as a funky, modified proximal gradient
method, where instead of the prox operator depending on the previous iterate location, it
depends on a combination of the previous two points. I can’t say much on the philosophical
reason why this works, but on the algebraic side, we will see the particular choice of step
size is the solution to a quadratic recurrence relation. Let us propose a de-clunked version
of the algorithm: given a convex, L-smooth objective function f(x) on domain X



Algorithm 1 Nesterov’s Accelerated Gradient Method

1: Initialize xg = y; € X arbitrarily.

2: for k=1,2,... do

3wy =argmingy f(yr) + V) (x — ) + £ llz — il
4: Yp+1 = T + ii;} (X — 1)

5. end for

6: return xy, f(zx)

We observe that line 3 rings familiar of the vanilla proximal gradient method, where
would have been replaced with z;_;. As for the constant ¢, controlling the step size, we
(interestingly) generate it through the recurrence relation

tp =1
8-ty =12,

1+ /4t +1
—

b1 =

For the main result, we want to show the above algorithm has the following convergence
rate:

Theorem 1.5 Nesterov’s accelerated gradient method has a convergence rate of

f(xo) — fz*) + M

fla) = ) < . (12)
k
* * 2
- A {an) = f@) + 2L flao = 2} )
(k+1)2
We will break up the computation-heavy proof into a few lemmas:
Lemma 1.6 Given Nesterov constant tj, we have the following estimate
E+1
t > % (1.4)

1+1

5~ For the induction step,

Proof of lemma: we prove this by induction. Base case t; =1 >
assume that ¢ > k—;l Then we have from the definition of t5,1:

1A+
B 2

(k+1)2
y 1+ /455 + 1
- 2
1+ +/(k+1)2
2

k+2

5

Lrt1

This completes the proof by induction.



Lemma 1.7 Let j be an iteration of the algorithm. We claim

L
f(@je1) < f(@) + Lzjon — yju) (@ — 2541) + 3 211 — Y2, (1.5)

forallz € X.
Lemma 1.8 Let j be an iteration of the algorithm. From Lemma 1.7, we can get
ti (f(@j) — (=) = 6 (f(z)) — f(2"))
< g (Itz5 = (t5 = Dajoy — 2|5 = [tz — (G — Day —27|3) - (1.6)

Proof of Theorem 1.5 from Lemma 1.8: this follows by observing that summing inequality
(1.6) over j, we get a telescoping series on both ends, and some light rearranging afterward
gets us what we want. Let’s say we iterate from 0 to k — 1:

N

-1

(61 (f(@y0) = f(27) = £ (F(z;) = f(2"))
e () = f(27) = (f(wo) = f ("))

<.
Il

ol
HNO

L * (12 * (12
15 (It = (&= Dogos = 2713 = legsaion (b1 = Dy = 1)

<.
Il
o

L

*112 %112
=5 [l — 2|5 = [[tsze — (b — D)ap—y — 23]

Putting the above into the respective places in the inequality, we get

L 2 112
G.(f (2e) = f(27)) = (f(wo) = f(2")) < 5 [llwo — [l = Ntawr = (b = Dawr — 273
< L 2
=5 w0 — 2|3
* Ljzo—a*|13
fo) - g < LI
k
< A/ (o) = f(z:;)j_—il_)gL lzo = 2l using Lemma 1.6.

We must now prove Lemmas 1.7 and 1.8.

Proof of Lemma 1.7: since we have by definition
. L .
Tj+1 = argmin Fisn) + V(i) (@ — i) + ) |z = g1 = arg I;f(llng(x)-
TE TE

Notice that the left hand side is a convex function and x;;; by definition is an optimal
solution to it, so by the first order optimality condition we have that

V(i) (x—zj01) 20
(Vf(ys+1) + L(zji1 —yin)) | (@ —2541) 20 Vo€ X. (1.7)



From the convexity and L-smoothness of f, we also have that
L
f@) < @) + Vi) (@ -y + 5o —yl* VoyeX
which, substituting @ = x;41,y = y;+1 gets us
T L 2
f(@ir1) < fyie) + VY1) (@541 — yj1) + 3 21 — Yyl (1.8)

To transfer (1.8) to something that is true for all x, we observe that by convexity of f, we
have

Fyser) < f(2) = Vfypa) (@ = yn) Vo e X. (1.9)
Substituting (1.9) into (1.8), we get

L
flxi) < f(2) + V(y) (20 — o) + 5 |lzj61 —yjall® Vo e X,
Combining the above with (7) we get
T L 2
f(@ji1) < (@) + L@ — yju1) (@ — x501) + ) [Zj41 —yjl” Vo e X.
This completes the proof of Lemma 1.7.

Proof of Lemma 1.8: we use Lemma 1.7 and substitute x = 2*, = x; to get the following
two inequalities

x . L
Flajen) < F@) + Llajon = yyn) (2" = 2500) + 3 @i = yill’ (1.10)
L
F@jen) < f(25) + Lz = yie) (@5 = 2500) + 5 w0 = yinll”. (1.11)
Now begins a series of awful(ly) technical calculations. Multiply (1.10) by i and (1.11) by
1-— % and then add up the two inequalities with some re-arrangement to get
j+1
1 ) 1
s (Flag) = F@7) + (1= — ) (fzg40) = flzy) (LHS)
j+1 j+1
T ., 1 L 2
S Lz —y) (72" + (1= — )z =z ) + 5 24 — gl (RHS)
tit1 1 2

Cleaning up the left-hand side, we get

* 1 *
ag) = 1) = (1= =) () - 1) (Lns)
j
For (RHS), we use the following fact about inner product spaces (polarization identity)
1
(01 —v2) (03 —v1) = 3 (llva = vs]l* = flor = v2|* = llor — ws|*) (1.12)

8



to get

2

L O 1) 1, O 1) 117
— 1= |\1l-— )z ——2"|| —|lzj—|1—— |2, — —x
9 Yj+1 ti J ti J+1 ti J tien
L * 12 112
= 5 (511 — (tin = Dy — 2|7 = [[tj50 = (Lo — Dy — 2*[7) . (RHS)
1

For the coup de grace, we will see exactly why the particular choice of Nesterov’s constant
is important: recall that we set

ti—1
ti+1
< tj+1yj+1 — (tj+1 — ].).Z‘] = tjl’j — (tj — 1).Tj_1.

Yiy1 = 25+ (zj —xj-1)

Also recall that we generated constants ¢; such that ¢;,1(t;41 — 1) = 5. Let’s multiply LHS
and RHS by t?+1 to get

£ (F@g) = F@) = (B — ) (Fay) = F@) (LHS)
< g (Ntj1yan = (tja = Dy — 27|° = |ltjp1 — (tir — Dy — 2*)%) (RHS)
= () = f@) = G(f(25) = fa))
< 2 (It — (15 = Dagor = 2| = yersan — (1 — Dy — 2 [P)

which completes the proof of Lemma 1.8. From our earlier discussion, this completes the
proof of the main theorem.

2 Composite Objective Functions

2.1 Prelude: Optimization is Hard

Let’s say we were particularly ambitious and wanted to tackle the problem of unconstrained
nonconvex nonsmooth minimization. Intuitively, this should not be possible, because if we
look at the broad class of simple combinatorial problems that are NP-hard, many of them
can actually be seen as a continuous optimization problem whose global optima are provably
difficult to calculate. I particularly like this reduction to Boolean Knapsack by Nesterov [7]
as a pedagogical example. In this example, Nesterov shows that not only is finding the global
optima of a nonconvex nonsmooth function NP-hard, simply finding a descent direction for
such a function is also NP-hard. In other words, nonconvex nonsmooth functions can be so
misbehaved that even deciding whether local improvement is possible is intractable. Wow
that’s a shame!

Definition 2.1 Let us define the following function f : R™ — R
1 ) -
f(x) = (1= =) max|z;| — min|z;| + |¢ 2]
fy (2 (2
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where ¢ is any positive integer vector ¢ € Z7, and v = Y .c;. We observe that f is a
piece-wise linear function, and f(0) = 0.

We now have the following sad result. Let’s say we’re sitting at 0, and we want to decide if
we can decrease the function value:

Theorem 2.2 (Descending is Hard) Finding any x € R" such that f(x) < 0 is NP-hard.

Proof of Theorem 2.2: Let us consider the following problem in terms of Boolean Knapsack:
given a sequence of positive integers {cy,...,c,}, we want to know if there is an assignment

of signs o € {£1}" such that
HTU = ZCZ'UZ‘ =0.
i=1

This problem is NP-complete. Keeping this in mind, we return to the function f: we first
show that f is positively homogenous (i.e. can pull out positive scalars).

Lemma 2.3 Let ax = 2/, where a > 0. Then,
f(@) = flax) = af().

Proof of lemma: straighforward calculation

1
flax) = (1 — —) max |ax;| — min |ax;| + }CT(ax)|
Y 2 ?

1 ' .
= (1—— | maxalz;| —minalz;| +a|c'z|
Y ? 2
1 , .
=a |(1— =) max|z;| — min|z;| + | z|
Y ? 2
=af(z).

Using this lemma, if we find an 2’ such that f(z’) < 0, then we can find an appropriate
scaling to get x where f(z) < 0 and max; x; = 1. Setting 6 = |ch|, we now have

1
flz) = (1— —) — min |z;| +0 <0
")/ 2
) 1
= min|z;| > (1— —) +0
i v
1 .
|z;| > (1 - —) +0, for all .
Y
Let us define vector o such that o; = sign () so that we get

o, T; > (1 — 1) + 0, for all i.
Y
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We observe that
lo; — x| =1 — oy,

and combining that with the above inequality we get

1
max |o; — ;| < — — 0.
i v

Using the triangle inequality, we now split open
‘cTa| < |CTZU‘ + |c" (o — )]

n
§(5+Zc¢max\a¢—xi]
A

i=1

1
<o+ (— — (5) recalling v := Zci
v i
=0(1l—7)+1
<1 sincevy > 1.

We observe that since ‘CTU’ is a non-negative value and ¢ and ¢ are both positive integer
vectors, the only way for ‘CTO'| < 1is for ¢'o = 0. However, we should realize that this
solves the Boolean Knapsack problem. Since o = sign (z’), this tells us that finding an a’
such that f(z') < 0 in the first place must have been hard.

2.2 The Problem and ISTA

From the previous section, if we are to hope for efficient solutions, we must scale back our
ambitions a bit and restrict our attention to a certain class of important functions: composite
functions. Composite objective functions come in the form

¢(z) = f(z) + g()

where f is a convex, smooth function, and h is a convex, but non-smooth function. Usually,
we still want h to be some sort of “simple”, well-understood function. Observe that this is
a more general class of functions that the ones considered in Section 1. One might wonder
why this is a useful class of functions to optimize. An classic example is the LASSO problem
in regression, where we might have a problem that looks like

. 2
min [| Az — bl + [l

where we introduce an ¢! regulariztion term to promote the sparsity of the optimal solution
(why ¢! induces sparsity is a whole other rabbit hole; see [1, 11]). This is a problem that
people would like to solve quickly and at a large-scale; in fact, it might be argued that these
sorts of problems are why composite functions became of interest in the first place. A natural
place to look toward for dimension-independent algorithms would be gradient methods. Now
the question becomes: is there a smart way to make use of the special structure of the problem
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to first come up with an algorithm that performs well, and then prove that it does—rather
than blindly applying subgradient methods on ¢ = f + g together, which is a non-smooth
optimization.

It can be relatively easily shown that subgradient methods with Polyak step sizes attains a

convergence rate of
d(ar) — 6" = Q(1/VEk)

on general convex non-smooth objective functions. We will show that a slightly different,
but simple algorithm will allow us to improve the convergence analysis to get

¢(xy) — ¢" = Q(1/k),

which we note matches the convergence guarantee for steepest descent on a general convex
smooth objectives. The following algorithm is known as the Iterative Shrinkage-Thresholding
Algorithm (ISTA), and is really an adaptation of the proximal point algorithm [10]: given
objective f(x)+ g(x) where V f has Lipschitz constant L,

Algorithm 2 Iterative Shrinkage-Thresholding Algorithm
: Initialize o € X arbitrarily.
for k=1,2,... do
Ty = argmingey f(2x) + V()" (2 = 21) + § o — a5 + g(x)
end for
return xy, f(xy)

Before proving the convergence result, we note the following: the minimization subroutine is
simply a first-order approximation of f along with g as extra baggage. Therefore, an implicit
assumption that ISTA makes is that there is some structure in g that we can leverage that
makes the minimization subroutine efficient. Fortunately for us, for many of the applications
that we care about, this is true (¢! regularization [1], low-rank matrix optimization [2, 9],
compressed sensing [1]). Let us now prove the convergence result.

Theorem 2.4 (ISTA Convergence) For convex objective functions ¢(x) = f(z) + g(x),
where f is convex and L-smooth, and g is conver but not necessarily smooth, then ISTA
attains the following convergence guarantee

L ||zo — z*||;

Blar) = ola7) < T

Proof of Theorem 2.4: let us abuse notation a little bit and denote ¢'(z) € dg(x) a subgra-
dient of g at x. The proof structure will be strikingly similar to the proof for Nesterov’s
accelerated algorithm. Consider iteration t. Looking at the minimization subroutine, the
first-order optimality condition at x;,1 gets us

[V f () + L(zs1 — 21) + ¢ (251)] (x — 2041) >0 Vz € X. (2.1)

12



Now, from the convexity of g we also have
9(2) = g(zer1) 2 g (@) (& = 2041)
g(@en) < g(x) = g'(21) " (7 = 2141)
< g(@) + [V f(xy) + L(zpsy — 1)) (x — 2441)  from 2.1, (2.2)

From the fact that x;,; is chosen optimally with respect to the subroutine

) L
Te1 = Arg Min f(@) + V() (x—z) + 3 |z — 2|5
x€

and the convexity of f, we have

F(oa) £ J0) + V) e = 20) + 5 o = il

< J@) = V)T = ) + VI ) @ — 7+ 5 e - 2l

= (@) = V) (= we) + 5 B — il (2.3

Putting 2.2 and 2.3 together, and using the polarization identity 1.12, we get

f(@e1) + g(zi41) < f(2) + 9(2) + g 2(z1 — 20) T (2 — 211) — w1 — lf3)]

=f($)+9($)+§ (lle = 2lls = llwer — 23] (2.4)

Setting x = x*, we get

* L * *
d(xi41) < o(x™) + 3 [lze — 27|15 = lzers — 27|I5] -

That minus sign hints at a telescoping series argument. We observe that ISTA produces
monotonically improving iterates: ¢(z;11) < ¢(x;). This follows by construction (if one is
familiar with the “prox” operator, that is a key reason why proximal methods are powerful).
Therefore, certainly the k-th iterate error should be better than the average of the previous
iterates

f:_ol ¢(r441) — O(*)
k

k—
L 2 2
< L5l =l = s —51)
t=0

¢(xr) — ¢(z7) <

h

< o (lwo = 23 = ok — 15)

on Lllzo — 3

2k ’
which completes the proof. Thus, we have demonstrated that even on not-quite-smooth
objectives, we can find a reasonably simple algorithm that attains the same convergence
rate as steepest descent methods on smooth convex objectives. This can be seen as the first
stage of “acceleration”. However, in the next section, we can basically take the machinery
introduced in Section 1 to achieve Nesterov acceleration on ISTA.

<
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2.3 A Natural Acceleration: FISTA

The idea behind accelerating ISTA to get FISTA (Fast ISTA) [1] is extremely simple in
concept: on smooth convex objectives, we saw that messing around with the step size in
the vanilla steepest descent with exact line search gets us an accelerated gradient method.
FISTA is nothing more than ISTA with the Nesterov step size:

Algorithm 3 Fast Iterative Shrinkage-Thresholding Algorithm

1: Initialize 1 = yo € X arbitrarily.

2: for k=1,2,... do

30 mp = argmingey f(un) + V()T (@ — uk) + 5 o — yell; + g(x)
4: Yk+1 = T + ?Z__T_i(xk — Tp—1)

5: end for

6: return xy, f(zy)

where {t;} are generated by the same recurrence relation as in Algorithm 1.2:

ty =1
8 —ty =13,

1+ /48 +1
— s

lgt1 =

Theorem 2.5 (FISTA Convergence) On convez objective ¢(x) = f(x)+ g(x) where f is
convex and L-smooth, and g is convexr and possibly non-smooth, we have a convergence rate

4[p(x1) — ¢(a*)] + 2L ||y — 2*|;

T a0

¢(z) — o(z7) <

What I think is extra nice about this acceleration scheme is that the proof of the convergence
rate is actually almost identical to the one proposed in Section 1, except carrying along the
non-smooth part g(x). The crux of the proof is the analog of Lemma 1.7:

L
¢(x541) < O(x) + L(zj1 = yj1) (2 = 2500) + 3 21—yl Vo e X,

which itself follows from similar convex analysis as in Section 1. The rest of the proof is
exactly the same as the one seen in Section 1.

Nice as this acceleration is, we remark that this is not in fact the acceleration scheme that
Nesterov himself proposes in [7], which is somewhat more general in its structure. If one
is wondering “if we can already achieve Q(1/k?) for composite objectives, what prevents us
from isolating a smooth component of any convex objective and using FISTA?” This lies in
the implicit assumption that the proximal mapping subroutine can be efficiently solved; if it
can’t, then each iteration may take an immense amount of time. This is why we insist that
the non-smooth part of the objective function must be “simple”, i.e. have structure that
allows for fast optimization.

14



3 Nesterov Acceleration for Higher-Order Methods

Let us consider a similar scenario to the one faced in Section 1. We have an objective function
that is convex, but not strongly, and p-times differentiable. Let us introduce some notation.
We will work with tensors, where we have the following notation for directional derivatives:

DPf(z)[ha, ..., hy]
is the directional derivative of f along h4, ..., h,. From this, we can define the norm

|1D7 f(@)ll = max {Df ()b, byl : [lRal] < 1}

,,,,,

We note that analogously to the Hessian, the norm is (in general) attained when hy = --- =
hy:
D7 f ()| = max {[DP f(x)[A]] : [[A]} < 1}

Given convex f that is p times differentiable, we write its Taylor expansion at y
P .
T+ ﬁD]f(l")[y =z’ + o(||h|[")
j=1
1= Dy (y) + o([[2]7)

in particular
flz+h) )+ Z =D f(a
Let us denote the Lipschitz constant for the p—th derivative:
1D f(x) = D f(y)ll < Ly [z = yll,

such that by Taylor’s theorem, we have

1f(y) — @ p(y)] < ( +1) ly — |
Vi) = Popi(y)| < p—f ly — ||
2 Lp p—1
V2 f(y) = Pupr(y)] < o1 ly — ||

Now, how should we expect local search methods that have the p-th order information to
perform in general? As we’ll see, we still get sub-linear convergence, but as one might expect,
the performance scales polynomially with the differentiability of the objective.
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3.1 ”Worst Functions in the World”

To construct the family of functions that contains the “worst function in the world”, let us
assume that dom = R”. Let us define a function

Gp+1 (2 p+1Z| ", zeR”

such that g, is convex and p times differentiable, where

k
erl k ] Zz 1 ’ |p—"_1 hk? k even

o (3.1)
(P+1 k)! Zz 1 ’xl|p kxzhk7 k odd

D* gyi1(x)[n])* = {

To calculate the Lipschitz constant for DPg,.(x), we use the Cauchy-Schwarz inequality:
given z,y, h € R”

n 1/2
|DPgpia () [R]P — DPgpia (y)[A]F] < p!lz -y (Z hf”)

. apj2\ 1/2
<t (350)
i=1
= ptllz =yl |[2]”
Therefore, if ||h]] < 1, then we get
Ly (gp+1) < pl. (3.2)

Keeping g,+1(z) in mind, we introduce the matrices that will complete the construction of
the family of functions

L -10 _ (11 1 1]
8 (1) _11 0 01 1 1
Uy = i noting Uk_lz 001
J 1 -1 C
0o 1] 00 1, .,
- X

U O
Ak o [O ]”_k:| nxn

Observe that by construction each Ay is invertible. Furthermore, by simple calculations we
find the operator norm of Ay is upper bounded: || A|l,, <2

We now propose the family of functions F = { fi}:

fr() == gps1(Axz) — el . (3.3)
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Since fj is the sum of a convex function and a linear function, it is convex. The reason why
we had to go the extra mile to define Ay is so that the minimizer of f; can be explicitly
derived from the first-order optimality condition

Vfe(z) = A;Vng(Akx) —e
Vgpii(Az) = A Tey
=[1,1,...,1,0,0...]"
k ti

= 6[k]~

Using the definition of g,;1, we can solve this equation

1 i€elk]
Vgp+1(Agay) = Z’ Ay )il A KT)i = {O P>k
3.1
1 i€k
(Axry) {0 ik efk]
o = A lep
=[kk—1,...,1,0,0,...]". (3.4)

Denoting the optimal solution of f;: x; and plugging it in, we get

. k —kp
fi = gpra(epy) —eja = b1 k= 1 (3.5)
E(k+1)(2k+ 1 k +
o Z o MR DEERY (217 3.6)

For the next part of the construction, we revisit and refine the key Subspace Expansion
lemma from Section 1. However, now we must be a little more intricate in formulating our
assumptions on the class of tensor methods we want to consider. Since we are trying to
characterize local search tensor methods, we want the method to take as input a point, and
then return a new point based on up to the p-th order of information at the previous point.
In other words, we assume that as a subroutine, given location Z, the method can find the
stationary solutions to

Peym( ZCJD] hY + -y llnl™

where ¢ € RP, v > 0, and m > p. Notice that ¢ defines a linear combination of the tensors,
whereas v and m control the contribution of the higher order terms. Clearly the locally
optimal direction from T can be written as a stationary point of ¢, (h) for some choice of
¢,v, m. Furthermore, ¢ ,,(h) is a polynomial in terms of h for even m, and still a relatively
simple composite function for odd m, so it isn’t too optimistic to assume that we can find the
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stationary points of ¢, . We now define the set I'z ¢(c, v, m) containing all the stationary
points of ¢, given function f and location Z. We now define the subspace

S¢(x) =span (I'z f(c,y,m) :c € RP,y > 0,m > p). (3.7)
We are now ready to characterize the class of methods that we care about

Definition 3.1 The class of methods M contain all methods that generate iterate points
i1 that satisfy

k
Tk4+1 = To + Z Sp(x;).
i=0
Observe that this definition captures most familiar first and second order methods, as well as
tensor methods (supposedly; I'm not personally familiar). In particular, the class of methods

from Definition 1.3 are contained in M. We now prove the following subspace expansion
lemma for the class of “worst functions” F. Let us define Rj; = span (e1,...,€k).

Lemma 3.2 Let zog = 0. Any tensor method from M minimizing f; € F generates points
{zy} that satisfy

Tre1 € > Sp(r) CRYy, 0<k<t—1.
=0

Proof of Lemma 3.2: The proof hinges on the construction of A; and its upper triangular
structure. We prove the lemma by induction.

e Base case: zo = 0.
Vft(l’()) = —€1
Dif(zo)[h) =0, j=2,...,p.
Therefore, x;, € Rﬁ].

e Induction hypothesis: z; € RE}C]. Observe that Az € Rﬁc} because A; is upper trian-
gular. Therefore, we have

D fi(xx)[h] = Dng(Ata:k)[Ath] —h

—Z| (Asy) |p- (Agzr)i(Ah); — hy

i=1

doesn’t depend on h
k
= Z dire; (Ah) — hy  since (A21); =0, @ >k
=1
D f(ay)[h) = Dgp+1(Atxk)[Ath]

WZIM W (A, G2

_de (Ah)
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The stationary points of ¢, .., are a linear combination of the gradients of the above
directional derivatives. We simply need to verify that the gradient of each lies in Ri+11-

We achieve this through routine calculation: observe that A/ is lower bi-diagonal and
hence A er € R[kﬂ}'

k
ViDfi(z)[h] = disAle; —er € RY, )

=1

VhD]fiE xk J = Z]dl] )Jfl(AtTei) < Rﬁﬁl]'

Observe that the value of | h||™ is radially symmetric around the origin, and so the
stationary points of ¢...,(h) given any c,v, m will always lie in R[k - Specifically,
any point the tensor method picks for xy1 € Rie+1p> which completes the induction
step.

We have proven that a broad class of tensor methods can only expand the search space by
one dimension per iteration on F. We can combine this fact with the special structure of
the “worst” function family to get the following technical lemma.

Lemma 3.3 Given f,, f, € F where a < b, then for x € ]Rﬁl]

Jfa(x) = fo(x) (3.8)

and in particular

[fo(@) = fol = [fale) = 51 2 [fa = F5| = fa = 1y, (3.9)

since we know f; < fr by combining 3.8 and the fact that x € R@] by our construction.

We are now ready to prove the main lower complexity bound. The proof in Nesterov’s paper
[8] seems to be flawed, or at least over-complicated. The proof of the following theorem is
my own (which runs a real risk of also being flawed).

Theorem 3.4 For any tensor method in M, there exist functions f that are conver and p
times differentiable such that for t where 2t +1 < n, we have the following lower bound on
the rate of convergence

_ 3p+3

« . ] H"EO Topi1 3p+1
Oglégt‘f(l’k) F1 2 fen) = o] > p(t_i_l)gp;l :Q<1/t : )

Notice that we did not need to use any Lipschitz constants here.

Proof of Theorem 3.4: let us set
[ = far1 €F.
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From Lemmas 3.2 and 3.3, we know that for 0 < k < t, we have that x € Rﬁc], and thus

‘f2t+1<xk) - f2*t+1’ = ‘fk(mk) - f5t+1|
> fe = fan
> fi = fan

—t 2t
- L + pEp equation 3.5
_pltt+l)
p+1
and from 3.6 we also have that
el < @142 = 9 ¢ 1)

We observe that without loss of generality, we can set x¢y = 0, because given a tensor method,
we can adjust it so that it performs its search offset by x5. We now have the following series
of inequalities:

p(t+1)

| F(zr) = f341] N

*
on - x2t+1‘
_1 __p_
23p+3 p+1
3p+1
(t+1)"2
_ 3p+3 p+1
_p_ X
2 Pl 20 = 23,4

|f(xk) - f2*t+1‘ = 3ptl

V

This completes the construction of a general family of “worst functions in the world” given
local search methods of any order!
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